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Ipegucaorue

AToT ceMecTpoBbill Kypc unTanca B8 HMY secuon 2003 roga m mpen-
HAZHAYTAICA BTOPOKYPCHUKAM. YPOBEHb TOATOTOBKY CAYITIATENEH OLLT pa3-
weiM. Pa3 B Hegemo GblIa IBYXYUaCOBAT JEKIIN, 38 KOTOPOU CIEIOBAT IBYX-
9AacOBOI ceMUHAD (UMEITCA B BUAY AKALeMUUeckue dackl). Ha mexmuax, ¢
OJHOU CTOPOHBI, 06CY XK AATACH O0IIAT KAPTUHA U CBA3N KOMILIEKCHOTO AHA-
aum3a ¢ gpyrumMn obmacTaMu MaTemMaTuku. C Ipyrol CTOPOHBI, OCHOBHBIE
TeopeMbl Pa3zbUBAINCEL HA KOPOTKHE, MOHATHBIE CAMU O cebGe YTBepXKae-
HI, KOTOPBIE 0OBACHAINCH IAT 34 MAT0M. [locae TeKIN 3TH YTBEPXK TeHUT
BKIIOYAINCHL B CIUCKU 3a]a€, KOTOPLIE PA3IaBAINCh CAYVIIATEIIM U 006Cy-
K gaanck Ha cemmHapax. Cemunapol Benn B. A. Kucywwsko, 1. A. Iymkaps
u C.TI. Yyakos. Oun oTgeabHo 06CYy XK IaIN ¢ KAXKIBIM CTYIEHTOM KaX IYIO
PEIeHHYI0 UM 3aJatdy.

IK3aMEH COCTOAT U3 TEOPETUTECKOTO 3a¥MeTa U MICHMEHHON JOMAITHEN
KOHTPOIBHOU. 3atdeT IMIea B TedeHNe BCETO CeMeCTpa: CTYIEHTHI CIABAIN
peIlleHHbIe UMU 34 a9 HA KAXKJOM CEMUHAPE U B TeUeHUE HECKOIBKUX TO-
TOTHUTETHHBIX 3AHATHN B KOHIIE KyPCa. 3aJadn A4 MTUCHLMEHHOTO HK3aMe-
HA  PACCUNTAHHOW HA OJHY HeJeJI0 JOMAITHEN THChMEHHON PAGOTEI MBI,
B OCHOBHOM, 3aMMCTBOBAIN W3 TPEILIAYIINX MTHCHMEHHBIX DK3AMEHOB IO
KOMILTeKCHOMY aHaamzy B HMY.

31ech MPUBOAATCA B CIETKA OTPEIAKTUPOBAHHOM B € 33 a1, KOTOPBIE
MBI OGCYXK JAJN B TEUEHNE CEMeCTPA U KOTOPLIE COCTABIAIN 3HATUTEILHYO
qacTh Kypca. [IyaxTer 15, 16 n 18 Hanmcausl 9yTh MO3Ke U B ceMeCTPe He
pa3zbupannch.

O copepxanun kypca. I[lepBble WeThIpe MYHKTA TOCBAILIECHBI TeOpPeMe
Ko n Teopeme Crokca. Teopema Komm onmupaerca Ha Teopemy CToxca,
UMEIOIIYI0 U JPYTUe MHOTOYNCICHHBIE TPUMEHEHNA B TEOPUN AHAJIUTIYE-
ckux pyurnun. Tpagunmonno Teopema Kolm 1oKa3biBaeTCA B JOBOJLHO
CIa0BIX TIPEANOTOKEHNAX, B KOTOPHIX Kaaccumdeckada Teopema Crokca He-
npumennMa. B myukTax 1 3 Mbl HamoMmHaeM Teopemy CTokca m goKa-
ABIBAEM ee B JOBOIBHO cIabBIX mpenmonoxenunax. Teopema Kommm — mps-
MO€e CIeJCTBUE 3TON 06006menHon TeopeMbl CToKca U MPOCTON JUHETHOU
anre6prl, omuchiBaomen gudgQepeHInalbl AHAITNTIIeCKTX 0TOOpaKeHTH
(M. m. 4).

[na gokazaTenbcTBAa MHTETpadbHOU (popmyabt Ko, kpomMe TeopeMbl

z o
Komm, nyxHO mccienoBaTs GopMmy — ¥ €€ HEONDEJENCHHBIN WHTETPAIL.

DTOT WMHTETrpAT WHTePeceH caM To cebe: OH TMpeJCcTaBIfeT cOBON MHOTO-
aHaMHyIo GYHKINO In 2, a ero obpallleHre ABAETCA OJHOIHAMHON (BhyHKIIN-
el exp z (cM. . 5).



B nymkTe 6 o6cyXkgamoTca JOKATBHBIE CBOUCTBA AHAIUTHYECKUX
QYHKIINT.

Koudopmusie orobpaxkenns chepsl Pumana B ce6a apasooTca mpeobpa-
sosanuneMm Mébmyca. IIpeo6pazosanus Mébuyca ompeneneHsl He TOIBKO Ha
IOCKOCTH, HO W B mpocTpaHcTBe R”. Bedakoe mpeobpazoanme Mébuy-
ca  TPOU3BeJeHNE MHBEPCUU. DICMEHTAPHON TeOMeTPUN UHBEPCUU TOCB-
1eH TyHKT 7. B myuxTe 8 »Ta reoMeTpus IpUMeHSETCA IIA ONPeIeTeHIs
chepnl Pumana. TaMm ke moxazbiBaeTcs, 9TO Besikad MepoMopdHas GyHK-
nna #Ha cdepe Pumana aBadeTcs parnoHATLHON (HYHKITHEH.

B nyaxTe 9 o6cyxaaoTca BBIYETHI, TPUHINT APTYMEHTA W OCHOBHAS
TeopeMa aareOphl.

B nyukTe 10 gaeTca nmpeacrasierne o Mmogenn [lyankape mpocTpaHCTBa
JI06adeBCKOTO T OMUCBIBAIOTCA TeOIE3NTECKNE B DTOU MOJEMN. ITO OMUCA-
HIe UCTOMB3YET HIEMEHTAPHYI TeOMeTPUI HHBepcuu u3 nyHkTa 7. O6cy-
K aaeTcd ¢Ba3b reoMerpun Jlobadeckoro u TAKII, koTopad, B vacTHOCTH,
IPUBOAUT K NHBAPDUAHTHON (popMyIunpoBKe HepaBeHcTBa IllBapuna (cM. 3a-
gady 10.6). DTa popMyrnposka HepaBeHcTBa IIBapna gemaeT OUeBHIHBIM
AKCTPEMATBHOE CBOUCTBO KOH(MOPMHOTO 0TOGPAKEHNA, (DUTYPUPYIOLIETO B
Teopeme Pumana (em. sagagy 10.8). B mynakre 11 o6cyxkgaerca KpaTepui
KOMIAKTHOCTH CEMENCTBA AHATUTUYICCKUX (PYHKINNA, KOTOPHIN HYXKEH I11
3aBepIleHNd JOKAZATEIbCTBA TeopeMul Pumana (cMm. 3agady 10.17).

B nyuxTe 12 gokaswiBaeTca mMpomgorxkaeMoCcTb oTobGpaxenus Pumana
IO TpaHuiel 061acTu. [JoKa3zaTeIscTBO OCHOBAHO HA TPUHITATIE TINH M TLIO-
magen m 6e3 TPYAa TEePeHOCUTCA Ha CAydall KBA3MKOH(MOPMHBIX 0TOODa-
JKEHUT.

B mymxTe 13 ompeaendoTcs PUMAHOBBI MOBEPXHOCTH AHAJIUTHYECKNX
dyuxnun. [MokaszsiBaeTcA, 9TO €CIN PUMAHOBA TOBEPXHOCTL (PYHKIINNA KOM-
TaxTHA, TO GYHKINA aarebpaniecKkas.

B myuxTe 14 gokaswiBaeTcsa npuuiun cumMeTpuu Pumanma IBapma m
Teopema [lukapa.

Honoauenne 1 MOCBALIEHO TAPMOHNYECKNM (GPYHKINAM U WX CBIRAM C
KOMILIEKCHBIM AHAIM3OM. Teopna rapMOHNYEcKUX (PYHKIINT MHOTUX TTepe-
MEHHBIX HATIOMHHAET TEeODUI0 aHATNTHYecKUX QyHknuid (cm. m. 15). He-
moae3ya 0606mmennyio popmyay CTokca, MOXKHO IyTh OCIa6UTE TpeOGoBa-
HEUA TIAJKOCTH B OMpEJeTeHNN TapMOHNYECKON (PYHKIINM B TOM Xe TyXe,
xak ['ypca ocaabun TpeGoBaHNA TIATKOCTH B OMPeIeIeHTN AHATITHIECKON
dyukmun. FapMorndeckrne GYyHKINN UTPAIOT GOIBIIYIO POTb B MATEMATH-
qecKon (pusmKe.

AnamunTudeckre (GYHKIUN BAXKHBI [AA TPUIOKEHUN, B TACTHOCTH, MO~
TOMY, ITO UX TEOPUA CIILHO CBA3AHA ¢ TEOPUEN TapMOHNYECKNX (DYHKITIN
IBYX MepeMeHHbIX. B myHkTe 16 06CcyK JaeTca ¢BA3b DTUX TEOPUN U TPUMe-
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HEeHNA AHATUTUYECKUX (PYHKIUN K TEOPUN TAPMOHNYECKUX (DYHKIUN TBYX
TTepeMeHHBIX.

B nymkTe 17 rapMonmteckne n cybrapMoHnteckne (YHKIUN IBYX Te-
PEMEHHBIX TPUMEHAITCA K TEOPUN AHATUTHYCCKUX (DYHKINN. 30eCh TO-
Ka3bIBAETCA CAEAVIONIAT TeOpeMa eIMHCTBEHHOCTH. FHeat aHaAumuueckasn
Gynryua 6 obaacmu (G npu ecmpemaenuu k Kaxcdott mouke nexkomopoti dy-
2u, aexcaweti Ha epanuye obaacmu, cmpemumca K odnot u moi xce KRoH-
cmanme, mo ama @ynryus nocmosnna (cM. sagatn 16.10 u 16.11). Dra
TeopeMa e JUHCTBEHHOCTH  [eHTPATBLHBIN TYHKT JOKA3ATEIHLCTBA U3 yIe6-
mrka EBrpadosa nmpogoakaeMocTn KOH(GOPMHOTO oTo6paxkenma Pumana
o0 TpaHulsl obmacTu. B mpomecce TOATOTOBKU JEKINN BBIACHIIOCH, UTO
ATO JOKA3ATEILCTBO OMUG04YHO (cM. 3agady 12.13), u npogorxaeMocTs 1o
CPAHUIBL IPUILIOCE JOKAZRIBATE HO-Apyromy (em. m. 12). Tem He Menee,
TeopeMa eJUHCTBEHHOCTH WHTepecHa U cama 1o cebe. K Tomy ke ee mo-
KA3ATEILCTBO MCTIOMB3YeT 3aMedaTeTbHy0 GopMyry MenceHa m cBoficTBa
TAPMOHUYECKUX U CYOTAPMOHUYECKUX (PYHKINHN, TaKkKe TPeICTABIIIONINX
CAMOCTOATEILHBIN UHTEPEC.

B gomoamenun 2 mpuBOAUTCA CTAHAAPTHBIN MATEPUAT O CBEIEHUN TJIO-
6ampHOro BapuanTa TeopeMmbl CTokca K ee TOKATEHOMY BAPUAHTY, UCTIOIb-
3yf pasbHeHMe eJUHULBL (MIOOATBHBIN BADUAHT TeopeMbl CTOKCA HCIOML-
30Balcd B Kypce 6e3 JOKAZATEIbCTBA).

Huxe crenyer 601ee mogpo6Hoe BBefenne k myakram 1 4, 15 u 18, 61a-
TOJAPHOCTH U TIOCBSIICHTE.

06 o6o6wennon popmyne Crokca u Teopeme Koum. [symepras (mioc-
kas) popmyra CTokca yTBepKIaeT, ITO LI1 OTpaHIIeHHON o6ractu [/ Ha
mwiockoctn u GopMel w = Pz, y) de + Q(z, y) dy cupasegiuso paBeHcTBO

/ w:/dw,
Jarr Jur

rae O/ mpoxoguMas «B HANPABIEHUN TMPOTHB IACOBOU CTPEIKHW» TPAHU-

oP  0Q
7(’)_'1/ + e
CTokca HYXKHO TpeGOBATHL HEKOTOPYIO TIATKOCTH (DOPMBI W W TPAHUIILI

ma obaactu U/ n dw = ( ) dx dy. g cnpaBeamuBocT GOPMYIBI

OU . Moxuo, manpuMep, TpeboBaTh, 9T00L GyHkIUN P u () TpuHA LIeXKa-
m xracey O B 3aMmpixamun o6aactu [/ u 9To6wl rpanmna O/ ObLIa GBI
C'rragroit (mim xycowro raagkoir). IMeHHO Taxme TpeGOBAHMA T.IATKO-
CTH HAKJAJBIBAIOTCA B KIACCHYIECKOM BapuanTe Gpopmyabt CTokca.

T'ypca mpugan 3axoHIeHHYIO (OPMY OMpEIETeHNI0 AHATUTUICCKON
(PYHKIUM: OH MOKA3AT, ITO I AHATUTATHOCTH KOMILIEKCHORHAYHBIX (DYHK-
N KOMILTEKCHOTO MEePEMEHHOTO JOCTATOYHO TPeGOBATE JUIIh CYIIECTBO-
BAHUA TMEPBON MPOM3BOSHON B KaxXIOou Toduke obaactu. OH MCTOIB3OBAT



HanJeHHYI0 UM PopMy TeopeMbl Kol ¢ HeMHOTO MEHBITUMHU TPeGOBAH-
AMU TIaIKOCTH POpMBI, deM 06braH0. C Tex mop Teopema Ko Tpa gumim-
OHHO BXOUT BO BCE KYPCHI KOMILIEKCHOTO AHAMIA UMEHHO B 3TOU (popme.
Hna goxazaTenbcTBa Teopembl Komm B ¢dopme I'ypea kiraccumaeckoro Ba-
puanTa Teopembl CTokca HegocTaTouHo. Mbl mokaswiBaeM, 910 QopMy.aa
Croxkca BepHa, ecan

1) pysxnun P u () B kaxk ol Touke UMe0T AuddepeHnnas;

aP
2) dyukuna —— + —Q HeTpePLIBHA.
oy or

Hamre 1oKa3aTelbcTBO, PAKTHYIECK, COBIALACT ¢ PACCY K eHneM Lypca
(13 Hero JIUINL WUATOHAETCH CHeNUMUIKA KOMILIEKCHOTO AHALIAA).

DopMyIUPOBKA W JOKAZATEALCTBO TOJOGHOTO OGOOIIEHUT TeOpeMbl
CToKkca aBTOMATHYECKN TEPEHOCATCA HA caydaan k-GhopM Ha n-MepHBIX MHO-
roo6pasuax. Ham norago6urces (Ipu paccMOTPEHIN TAPMOHITIECKIX (DY HK-
U MHOTHX [IepeMeHHbIX ) MNIh CIeYIOMMA MEOTOMEeDHEIN BADHAHT 3TOC0
VTBEPK TeHU.

O6obmenusn  BapuadT ¢opmymaar Crokea. [Tyems U KOMNAKM-
Has obaacms ¢ eqadkoli epanwuyeld OU 6 npocmpancmee R”, nycms
w=Pides A Adx, — Podzy Adaeg A Ade, +. 4+ (1) T Pde AL

oA dag, oy (n — 1)-opma, roadduyuenmu P; xomopoti umeom dud-

P P,
Bepenyuaan, 6 3ammwanun obaacmu U u @ymwyua F = — 4 ..+ —=
; i or Orn

HenpepuisHa 6 zambikanuu omott obaacmu. Toada enpasedaiusa Gopmyara

/ w:/dw, (1)
Jotr Ju
ede dw=Fdxy A .. . Ndz,.

B knaccuueckom BapuanTe dhopmyasr CTokca maa obaacten B R” gomos-

Cmoxca

HOTeTbHO TpejmotaraeTcd, To GyEknuu P, ..., P, npusagtexaT kiac-
cy ' B 3ameIkanmy o6acTt [J.

(6BITHOE [OKA3ATETBCTRBO KIaccmiaeckoro BapuanTa dopmyasl CTokca
He TPOXOAUT L1 JOKA3ATEThCTRA 060OIIEHHOTO BADUAHTA 3TON (POPMY.THL.
IIpusegeM XOpOMIO MABECTHBLIN MPUMED AHATOTTIHON CUTYAIIH.

Ipumep (Teopema Jlarpanxa). Juna dyakuun f Ha oTpeske [a, b] cyime-
cTByeT Touka £ Takad, aro f(b) = f(a) + f'(£)(b — a).

[l1a cipaBefIMBOCTH TeopeMbl JlarpaHka HyXHO TpeboBATH HEKOTO-
py®o raagkocTs dyaxnun f. Komedno, MoxHO TpeboBaTh, 9TOOB (pyHK-
mma f mpuragrexana kraccy O wa [a, b]. Ho gocTaTowno Tpe6oraTh, TTo-
661 pyEKINA [ ObLTA OLI HeTpPepLIBHA Ha OTpe3ke [a, b] m nmena auddepen-
IIUAT B KAXK JOI BHYTPEHHEI ToYKe 3TOT0 oTpeaka. Eean f' mempeprirra, TO,

b
coraacao popmyne Hetorona Jlen6uuna, f(b) = f(a) + / (1) di. TIo Teo-
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b
peMe o cpeJHeM CyIIecTBYeT Touka £ Takad, ITo /a F)ydt= (&b — a),

OTKyJa W BEITeKaeT TeopeMa Jlarpamxa. Ecmm ke ¢yuxoua [’ He He-
TPEPBIBHA, TO OHA MOXET OKA3ATHCA W HEMHTETPUPYEMOU, W HTO PACCY-
KIeHne He MPOXOANT. 3OeCh BBIPYUaeT Takoe coobGpaxkenue. .Jlerko Bu-
JdeTh, 9TO CYLIECTBYeT KacaTelbHad K rpaduky oymkunu y = f(z), ma-
parntenbHAd XOpge, Tpoxogdamen depes Touxu (a, f(a)) u (b, f(b)). Torga
F)y=fla)+ f/(&)(b—a), rge ¢ abcnucca TOYKU KACAHUA.

HoxazaTeabcTBo 06061IeHEOT0 BapuauTa popMyasl CToOKca COOTHOCUT-
cAd ¢ JOKA3ATeTbCTBOM KIACCHYECKOTO BAPUAHTA DTOU (POPMYIBI TaK ¥Ke,
KaK BTOPOE U3 MPUBEJEHHBIX TOKA3ATETHLCTB TEOPEMEI Jlarpanxka cOOTHO-
CUTCA ¢ TIEPBBIM JOKA3ATEThCTBOM.

B xypce MBI 06cyx gaan amib dokaabayio popmyay Crokca, T.e. dop-
myay CTokca Iad cTAaHZAPTHOTO KBAAPATA HA TLIOCKOCTH W A4 CTAHIAPT-
HOTO Kyha B MHOToMepHOM TpocTpancTBe. Popmyaa CTokca 41 KOMIAKT-
HBEIX 061aCTeN ¢ TIAJKOU TPAHUIEN CBOAUTCA K €€ JOKATBHOMY BAPUAHTY
IpU IOMOLIN DA3OHEHNs e UHULLL (CM. JOIOIHeHUe 2).

Baarogapuocrtu. Mos xeuna T.B. Berokpununiikas vabupaia u pegaxkTi-
pPOBaJa BCe CHUCKN 3a4a4 U BCE BAPUAHTHI »Tou 6pomropsl. B. A. Kucyubko,
M. A. Tlymxaps u C.II. YyakoB BeCh ceMeCTp BeIN CEMUHAPCKUE 3AHATHUA.
OHU BAOKUIN B 3TOT Kypc MHOTO Tpyaa. CaymaTenn akTUBHO PEITAIN 3a-
Jauu U 0OHAPYKUIN MHOTO HETOYHOCTEN W OMEYATOK. BeeM UM A TPUHOILY
CBOIO 6JIATOIAPHOCTE.

Mocsamenne. Broporo moatpa 2003 roga ucmomsammocsk 60 aetr H)auro
Cepreesuay NabaieHko, ¢ KOTOPBIM MBI IPYKAM 663 MATOTO TOABEKA. JTa
opomnopa mocsamaeTes K)amo Cepreesuty.

1. Teopema Jlarpauxa giasa GpyHKIMM MHOXKECTB

TIycts A HEKOTOPBIN KAACC TTOIMHOKECTB MIPocTparcTBa R”. Mul Bce-
raa 6ygeM CINTaTh, ITO IId4 BCEX MHOXKECTB M3 Kaacca A OmpemeneHo mo-
maTHe 06beMa. Ml 6ygem obGosHadaTh depes V(X)) oobem MHOXKecTBa X.

[lna mganbHEHIEro BajKeH CAeVIONINU mpuMep: A cocTouT m3 Ky6oB
mpocTpaHcTBa R”, TPAHN KOTOPBHIX MAPALIEILHBI KOOPIUHATHBIM THIIED-
TLIOCKOCTAM W KOTOPBIE JeXKAT BHYTPHU CTAHJAPTHOTO €IUHUTHOTO KyOa
0<2 <1,...,0< 2, <1 (ocoberno Baxen cayuair n = 2). MoxHo cun-
TaTh, 9TO A  KIACC MOIMHOXKECTB U3 >TOTO MPUMEPA.

Pasz6uenuen mMaokecTBa A € A Takoro, aro V(A) # 0, HazbiBaeTcd ero
m
npeacTasrerne B Buge A = |J A;, rae
i=1
1) A eAi=1,... m;

bl k)



2) V(AN £, i=1,...,m;

) V(ANA)=0,1<i<j<m.

CkaxeM, ITO KIACC MHOXKECTB A ABIACTCA KAACCOM ¢ pazbueHuamiL,
ecIn Qs Kaxgoro MHoxecTBa A € A rmakoro, aro V(A) # 0, cymecrsyer
ero paszoumenne A = | JA;, 111 KOTOPOTo UAMeTD KaXK OTO MHOXKeCTBa A;
He GOJBINTE WeM TOJOBHHA JUaMeTpa MHoKecTBa A.

Kirace xy6oB B mpoctpascTse R” (cM. BBIIE) OUeBIIHO ABIAETCH KIAC
COM MHOXECTB ¢ pA3OUEHUAMI.

PaccvoTpum HexoTopyio GyHknuio F: A — RP, comocTaBagIonyno Ka-
K JOMY MHOXKeCTBY X M3 HEKOTOPOLo KIacca ¢ pazbuenunem A sextop F(X)
npocTpancTBa RP.

Ckaxem, 910 GYHKIUA F aBAACTCA GyHkyueti muna mepvl, €CIn Iad Ka-
K IOTO MHOXKeCTBa A u kaxgoro ero pazbuenua A = JA;, rge A/ A; € A,
cupaBeqauBo paBeHcTBO F(A) =" F(A;).

m

3agaua 1.1. Iycte A = U A; pasbuenue muOKecTBA A, 1 V(A) # 0.

=1

IIycts BRImonuteTca paseHcTBo F(A) =5 F(A;). Torga

1) mouxa F(A) mpocrparcTBa R eXUT BHYTDU BEIIYKION 060-

;
V(A)
1
JOYKHN TOYeK ————— F A ATOTO IIPOCTPAHCTBA.
VAl (A;) pocTp ;
2) ecmu B mpocTpaHcTBe RP ecTh cKadfapHOE TPOU3IBEJEHIE (I/I.?II/I HOD-

Ma), TO Cpeju BEKTOPOB F(A;) cymecTByeT x0T OBl OZUH BEKTOD,

|
V(4y)

o 1
UMeIOIINT He MeHBUIYIO AIUHY, TeM BeKTOD W F(A).

Sagaua 1.2. [lycte dyuxmma F: A — RP gapaderca (yHKImen Tuma
mepel. Torga gas xaxgoro A € A rmaxoro, ato V(A) # 0, cymecrsyer

IOCAeJOBATEIRHOCTE BAOKEHHEIX MHOXECTB ADA;D...DA,, D... Ta
1

kux, 9ro 1) A; € A; 2) V(4A;) > 0; 3) gmamerp A, < S (muameTp A);

. , . F(A)
4) cymecTByeT (KOHEYHLIH WM GeCKOHeWHBIN) mpegel lim ——=;
5) 71_1{2) VEA:; H > HVEA;H 3aecs ||a|| oGosHauaeT AIMHY BeKTODA @ B

npocTpancTse R,
Ompegenenne 1. CkaxeM, IT0 TOCIEIOBATEILHOCTh MHOKECTB Ay, ...
A, ... czodumes k mouke a (obGoszHadenme: lim A; = a), ecan gad
72— 00

moboro ¢ > () cymectByeT HOMep N Taxol, 9TO BCe MHOXKeCTBa A; mpn
1> N mexaTr B £-OKPECTHOCTH TOYKH .

Ompegenenne 2. [lycte F: A — RP  Qyuxnua Ttuna mepwi. Ckaxem,
aro F umeem npoussodnyio Fy(a) € RP mo A B Touke a, ecau aad mIwo-
60U TAKOUW TOCTeJOBATETLHOCTH MHOKeCTB A1 D ... DA, D ... u3 A, uTo



V(A;)#0u lim A; = a, cupaBegInBo pABEHCTBO

72— 00
. F(A) ,
fim oy = Fala)
3agaua 1.3. IIycte A KIacc MHOXecTB o6ractu [/ mpocTpaH-

cTBa R”, A1 KOTOPBIX OMpegeneHo MoHATHE oOGbeMa. IlycTh f He-
mpepbiBHAA (QYHKOUA Ha A co 3madvemmaMu B mpocTpamHcTBe RP. Pac-
cMoTpuM QyHKmuio F Ha A, comocTaBagiomyo kKaxgomy A € A BekTop

F(A)= '/A f(x)dex, .. .da,. Torga

1) F aBagerca pyHKIUEN TULA MEDHI;

2) B xaxgol Touke a € [/ cymecrsyet F(a), mpuzem F(a) = f(a).

3agaua 1.4. 1) («Teopema Jlarpamxas.) Hycers dyuxmua F: A — RP
ABAAeTCH (DYHKIWEN THUMA Mephl U UMeeT TPOM3BOAHYI0 Mo A B Kawxgoin
Touxe a, mpudeM I (a) = 0. Torga gia kaxgoro A € A cupaBeginso pa-
BercTBo F(A)=0.

2) Hycrs ¢yuxnun Tuna Mepel F: A = RP 1 1 A — RP umeror mpo-
m3BogHEe M0 A B Kax ol Touke a, npudem Fy(a) = G’ (a). Torga dyuk-
nnu F' u (7 cormajgaior, T.e. Aad Kaxgoro MEOxecTBa A € A cmpaBeginso
pasercTBo F'(A) = G(A).

3) («®Dopmyna Heiorona Jlefibuunas.) Ecin 7y  HempepoiBHAA (yHK-
usd, To

F(A):/AFi\dm/\.../\dmn.

3agaua 1.5. Tlyers A KJacc OTPe3kOB Ha TPAMOMH, JeKAIINX BHY-
Tpu (PUKCHPOBAHHOTO oTpe3ka [a,b], mw mycts f: [a,b] — RP  mpomzsors-
maga Qysxoud. Onpegernm ¢dyuxumo F: A — R dopmymon F([e,d]) =
= f(d) — f(¢). HokazaTs, aT0

1) yuxmma F asageTca yHKINEN TUHTA MepHI;

2) cymecTBoBaHme mpomsBogHON F) (@) skBEBATEHTHO IuddepeHnnpy-
eMocTn Qpysknnu [ B Touxe a, npudeM F(a) = f'(a);

3) ecin dyukuus f guddepeHunpyeMa B Kak ol ToUKe oTpeska [a, b],
nputem [/ =0, To f(a)= f(b) (em. sagaay 1.4, m. 1);

4) ecmn dynkuna f auddepernupyema B KaxIo#l Touke oTpeska u [’

b
HeIpepRIBHA Ha oTpeske, To f(b) — f(a) = / 7€) d€ (em. nagaay 1.4, . 3).

2. ®opmyaa CTokca gia JMHEHMHBIX (POPM B €JUHMIHOM Kybe

Hawumem ¢ gBymepHOTO ciydad. O6o3HAMNM Tepe3 A cTaHIADTHBIN KBa-
apat 0 <z <1, 0 <y <1 va mrockocTH.



Sagatua 2.1. Iycrs gyuxmua Q: A — RP obragaeT cleIyoOIMNMI CBOU-
crBamu. Bo-mepsrix, Gyuknun Qg u Q1 OT mepeMeHHOU Y, ONpeleleHHbe

npu 0 € y < 1 coorromennavu Qn(y) = Q(0,y), @1(y) = Q(1,y), asrawor-
¢l UHTerPUPYeMBIMH (GYHKIUAME. BO-BTOPHIX, BBITTOJHAETCA TOXKJECTBO

Q1 — Qo=C, rge (! TOCTOAHHBIN BeKTOpP. Toraa /aA Qdy = C. Aua-

Jorum4Ho, ecan ¢pyuxnun Py u Pp, onpegenennsie npu () < 2 < 1 cooTHoIIE-
muavu Py(x) = P(x,0) n Py(x) = P(x,1), narerpupyemut u Py — Py = (|
TO / Pdr=-C.

Jaa

3agada 2.2. JJng 106X TOCTOAHHLIX BekTOPOoB Ay, A, Az, By, By, Bj
IPOCTPaHCTBA RP CIpaBeInBO PABEHCTRO

JOA

3agaua 2.3. [lycte P u () HempepwiBHBIe GyHKINH B obractn A Ha
IIOCKOCTH co 3HadeHnaMu B RP, nputenm ||P|| < M u ||Q]| < M. Torga zasa
BCAKOT O KOHTYPA v Ha MIOCKOCTH, JTWHA KOTOPOTO paBHAa [, cIpaBejInBa

Tlepengem k MHOrOMepHOU cuTyarun. 6oznadnm depes A cTamgapT-

OIICHKA,

<2MI.

/ P(z,y)de + Q(x,y)dy

e ky6 0 < o2y <1,...,0< 2, <1 B upocrparcree R”.

3agaua 2.4. Ilycte w = Pydas A .. Adx, — Podey Ades AL Ade, + ...

A (-1 P, deg AL Ade,, rae P aumefiHBIe HEOTIHOPOTHEE DYHK-

mum, T.e. Pp=A; + Ajqa + ..+ Ajpx,, toe Ay m Aj; mocToaHHEBIE
BeKTOPHI B IpocTparcTie RP. Torga /ﬁm w= '/A dw, T.e. /ﬁmw =A 0+ ..
St An,m,-

Cregyiomme nBe 3a1a<N B JaJILHENIEM He TOHAJ0OATC.

3agaua 2.5. [Iyete Py dyuxmma x1acca O ma A. Torga nrs xky6a A
u popmel w = Py dxs A ... Ada, cipaBegnusa Gpopmyaa CTokca, T.e.

aP
/ P1d.172/\.../\d.17n:/—1(1.171/\.../\(1.17”.
Joa Ja O

1 .
Yrazanue. llpouaterpupoBaTsh GYHKIINIO 55, 10 TePEMEHHOU 71 1 BOC-
71

moab30BaThCd (popmyaon Herorona Jlenbuuia.

3ameuanme. [Ipu gokazaTenbeTBe 0606merHon Gopmyasr CTokca MEI He
ucnoabiyeMm gopmyast Herorona Jlenbuuia, Ho JOKA3EIBAEM €€ MHOTOMED-
Hoe o6Gobwenne (cp. sagaay 1.4, m. 3).

3agaua 2.6. TokazaTe popmyry Crokca B ky6e A ana GOPMEL w ¢ KO-
sdpuuenTamu xracca (. IloweMy 3To TOKA3ATEIRCTBO He TPOXOINT A6
JOKazaTerbeTBa obobmennon popmyast CTokca B kybe A7
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3. O6o6iennas ¢popmyaa CTokca B e THHUIHOM Kybe

agaua 3.1. [lycte A  kmace KBAADPATOB HA TUIOCKOCTH, JEKAIINX
BHYTDU CTAHJAPDTHOTO eIUHUYHOTO KBaApaTa A, CTOPOHLI KOTOPHLIX ITa-
PALIETBHBI KOOPAUHATHEIM ocaM. Ilyete P u ()  HempepuiBHBIE (QyHK-
nuu Ha KBagpaTe A co 3madenuamu B RP. Paccmorpum QyHkIuo Ha A,
COMOCTABIMIOIIYI0 KaXKAOMY kBagpaty Ag € A mextop F(Ag), paBHBII

./8An Pdx 4+ @ dy. Torga

1) dysxnua F: A — RP aeaderca QyHKINeN THIA MeDHL;

2) ectu ¢yuxnuu P n () nmeor guddepeHnuan B ToUke @, TO QHYHK-
apP a
mua F' guddepennupyema mo A B Touxe a, mputem F (a):——(a)+—Q(a).
) oy or
Yrazanue. Cum. zagasn 2.2 u 2.3.
3agaua 3.2 (o6o6mennas ¢opmyra Croxca gas xBagparta). IycTs
1) ¢dysxnun P u (), npuHEMAOLe 3HAYeHUd B RP, HeIpEDPHIBHBL B KBA-

apate A, 2) B KaxJol Touke KBagpaTa A Kaxgad m3 3TOX (OYHK-

nuit umeer gubdepeHnuan, 3) GyHKuna _oP + 99 HempepbiBHA B A.
7 T
. aopP oQ
Torga '/aA Pder + Qdy = '/A (73_1/ + W) dz A dy. B wacTtHOCTH, ecan
oP 0@ _ .

Viazanue. Cu. zaga4dy 3.1 u n. 3 B nagaue 1.4.
3agada 3.3 (o6o6mennas dopmyra Crokca gra ky6a). Hyers w =

...Adx,_1,rae P; wHempepwiBHBIe QyHKIUN B kKybe A mpocTpamcTsa R™.

Tlycts pyuxuun Py, ..., P, uMmeiorT guddepeHnransl B KaX JOT TOYKe Ky-

6a A, mpuyem dyukuua [ — 20 + ...+ L menpepeiBaa B A. Torga
' or Ot

w:/ Fdzy AL Adax,.
Jan /A

Huxe MBIt ncnoaszyem o6o6mmennyo popmyay CTokca He TOIBKO 111 K-
60B, HO U 1A KOMIAKTHBIX 06JACTEN TPOCTPAHCTBA R”, UMEIOINX TIa -
KyI0 TpaHHLY (B OCHOBHOM, HaM BaxkeH caydai n = 2). Ilepexog or xyba
K 06JaCTH ¢ TJIATKOW TPAHUIEN COBEPIIEHHO CTAHJAPTEH U JEIAETCA TPU
TOMOIIM pa3GUeHNa eJuHUIBL. 14 TOJIHOTHE KAPTUHBEI MBI TPUBOAUM 3TO
paccykjeHue B myHkTe 18 (gomonxenue 2).

Hamomuum dopmyay Crokca ana 1-popMm Ha riagkuxX KPUBBIX.

3agaua 3.4. llycte w = Pydey + ...+ P,dx,, vge Py, ..., P, Hempe-
peiBHBIE GyHKINN B o6aacTu [/ mpocTparcTBa IR™ €O 3HAMEHUAME B TPO-
cTparcTBe RP. JomycTum, 9T0 414 M060TO 3aMKHYTOTO TYTH v B 061a-

ctu [J cipaBeIuBO pABEHCTBO / w = 0. ®ukcupyem Touky xq € /. Ompe-
Iy
gexnM Gyuknuio F' B obxactn U caegyromum paseHcTBoM: F(a) = / w, vae
el
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v mobadg KpuBad B obgacTn U, HAMUHAIOMIAACA B TOYKe g 1 3aKAHYINBA-
omafcsa B ToUke a. JokazaTk, ITO
1) dysxnua F onpegeneHa KOPPEKTHO, T.e. He 3aBHCHT OT BBEIGODA 7;
2) pysxnua F' B Kax ol Touke uMeeT quddeperunan d F 1 BHIOIHEHO
pPaBeHCTBO

dF = P] dl‘] + ...+ PndTn

3agada 3.5. [Iycre F' ¢dyukmug B obaactu [/ co 3HAYeHUIME B IIPO-
cTpaucTBe RP, mMerolaa HempepbIBHBIE YACTHBIE MPOM3BOgHbIE P, ..., P,,

ndF =Pde +...+ Pndmn.Tor,qa,/ Pidey + ...+ P,da, = F(b) — F(a),
Iy

rae bua KoHeN M HAYAIO Kpuson v € /.

4. JIuneunas arre6pa u Teopema Komm

B 5ToM myHKTe MBI 6yZeM OTOXKIeCTBIATH ILIOCKOCTh B2 ¢ KOMILTEKC-
HOW TITOCKOCTBIO (CHHOHUM: (KOMTLTEKCHAR TMPAMAfA)), COMOCTABIAL TOTKe
(7,y) KOMILTEKCHOE IUCI0 2 = T + 1y. PacCMOTPHUM BelllecTBeHHO JUHENHOe
oTobpamenmne A: R? = R? u3 BemecTBEHHOH ILIOCKOCTH B cefA.

3agaua 4.1. Orobpaxkenne A(x,y) = Pia + Py, rge Py, P € C, egun-
CTBEHHBIM 06pazoM 3amnceiBaeTca B Buge A(x,y) — Q12 + Q-z. Ilpn sTom

1 . 1 .
Q1= §(P1 —iPy), Qo= §(P1 + iP3). Onpegenurens MATPULEL 0TOGPAKe-

sus A monoxwurenen, ecmu Q1] > |@Q-|, oTpunarenen, ecmn |Q4] < |Q2|, n

paBeH Hymwo, ecan |@Q1| = |Q2]|.- Eciu |Q1] = |Q2] # 0, To oTob6paxenne A
HepeBOANT B HYIh MPAMYI0 z = Azg, Tae A€ R, a zg = 78—1.
2

O6oauauenus. IIycts [/ o61acTs Ha mrockoctn u f: I/ = R?  mud-

depeHIUpYeMoe oToOpakeHne (T.e. y 0ToOpakeHnd [ B Kax 01 TOUKe Cy-
3f 3f
dy ero auddepeHIna.

af 3f) ( f f) _(3f7 3f)
NMmeem: df = ((’)T By dz + - = + 7_1/ dz. Yucno o By
obo3HavaeTCH g—f, a IucIo — (ﬁ 4+ ﬁ) obo3HavaeTCH g—f TTo onpenene-
z z

2
f

mecTByer auddepennnan), u df =

2]
auio df = f d —|—
ﬂpouseo(%mu f’( 1) KOMILTeKcHO3HAUHON Qyukiuun [ B Touke a € C Ha-

. flatz)— fla)
ABIBaeTCA 9ucIo lim ———————~,
z—0 z
3agaua 4.2. 1) Ecin orobpaxenne f: U — R? umeer guddepennman
2]
B TOYKE 4 U 8_;((]) = 0, To, BO-IePBBIX, AnddepeHnnan aBIgeTcs TOBOPO-
ToM (HA HEKOTODEBIA YTOI () ¢ pACTAXKeHHeM (B A pa3, Tge A HEKOTODoe
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HEOTPULATEIbHOE THUCI0), BO-BTOPHIX, ¥ KOMILICKCHOZHAIHON QyHKnun f

cymecrsyer npomssoguad f'(a). Hpn srom f'(a) = ?(a), arg ['(a) = a,
/()] = ’

2) O6paTHO, ecin NOpPOU3IBOJHAS CYIIECTBYeT, TO oToGpaxeHue f
%)

umeeT guddepernuan B Touxke a. IIpm »TOM, BO-TEPBHIX, 8—{((1) =0mn
z

8—((1) = f'(a) n, Bo-BTODPBIX, FUGDEPEHITAL ATOTO OTOOPAKEHUT — TOBO-
z

pot (ma yrox arg f'(a)) ¢ pacraxenuem (8 |f'(a)| pas).
3agaua 4.2 goka3niBaeT 3KBUBAMCHTHOCTBL CIeIYOMNX IBYX OMpese-

JEHUT.

Ompepenerane 1 (amamntudeckans ¢yukuusa no Typca). Pyuxnua [ Ha-
ABIBAETCA anasumuueckoti 6 obaacmu U/, ecin B Kax 10ou Touke obaactn {J
v GyEKINT [ cymecTByeT KOMILIEKCHAA TPOU3IBOJHAS.

Omnpegenenne 2. Oyuxnna f mazsiBaeTca anaiaumuueckoti 6 obaacmu U,
ecnm B Kaxgoum Touke obaactu [/ oTobpaxkenmne f: UV — C audpdepeniim-

of
PYeMO, HpHITeM —— = (T.e. auddepeHnuar oToGpaKeHNT  MOBOPOT ¢

pACTAKEHIEM ).

3agatua 4.3. Oyuxuma f amaruTuana B ob6aactu [/, ecin U TOABKO €CIn
y dopunut w = f(z)dz = f(z)dx +if(z) dy xorddunuenTs nMeIOT HepBEIE
auddepenruanbt u dw = ().

3agata 4.4. Oyuknua f —u-+iv amaanTudsa B o6aacTu {J, ecIu U TOIBKO

ecan GYyHKIINN U, ¥ UMEIOT MepBbie JuddepeHnnarsl B Kax IO ToUKe 061a-

ou _Jdv Ou _  Ov
CTHU U BBITOIHAOTCH coomuoutenud Kowu Pumana — = —, — = ——.
dr — Ay’ dy O

Onpegenenue 3. Oyuxuua [ HazLiBaeTCS anasumuueckoti 6nioms do
epanuypt obnactu U/, ecin pyukiua f onpegeneHa n AHAINTUYIHA B HEKO-
Topon Goabien obaactu V, cogepxalien zambikanme obaactu .

3agaua 4.5 (Teopema Kommn). Jag Beakon GyHKOun f, AHATATHLECKON
BILTOTE J0 TPAHUILI OTpaHudeHHon obractu [/ ¢ raagkon rpamumen O,
CTIPABEINBO TOXK IECTBO

fdz=0.
Jau

Yrkazanue. BocnoabzoBaThea 3agaden 4.3 u o6o06mennon GhopMyaon
Crokca gida o6aacTel ¢ TIa KON TPAHNIeN.

3agaaa 4.6. IIycrs f(2) aHaIuTHYIeCKad (PYHKOUA B OTHOCBIIHOU

obxactu UU. TIposeputs, aro dyukuus F(z / f(2) dz onpegenena xop-
PEKTHO U AHAIUTHUYHA. 3IECHh / I )dz ATO mHTerpan GyHKnum f 1o

mobon Jexalren B o6aacTn [/ TIagKOU KPUBOU, HATMHAOMIENCA B TOYKE Z(
U 3akaHIUBAM0OIIeNcH B Touke z. JokasaTs, ato F'(z) = f(z).
Yrkazanue. BocmoabzosaThea Teopemon Komm u 3agasten 3.4.
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5. ®dopma d7z u uHTerpadbHas dopmyaa Ko

3agaaa 5.1. 1) Hycrs f: U - C, g: U - C  1m06Ble NIagKIe KOMILIEKC-

d d
HozHauHble GhyHKINET Ha obaactu [/ C R”. Torga (ffg) = Tf —.
K . g
2) Hpumenuts 1) k Gyrkuuam f = |z| u g = cos ¢ + isin ¢ 1 gokazaTh
d d|z
COOTHOITEHNE — — || || +idy, roe © — arg z.
z

3agaqa 5.2. 1) IIycts o6aacTs [V Ha IIOCKOCTH He OXBATHIBAET TOUKY ()
7 cogepkKuT ToUky 1, mnycTs arg: {/ =R omHO3HAYMHAL BETBbH APTYMEHTA
Ha obxactn U (gna koropoi arg 1 = 0). Torga

/d—Z:1n|z|—|—iargz (mpm z € U).
Jio ®

dz
2) NMurerpan / — [0 KOHTYDPY <, OOUH paz 0OXOgdIneMy TOUKY HYIb
Iy oz
(mampumep, mo rparune v = OU BrImykI0i o6xactn [/, cogepXKalieil TOIKY

HY7b), paBeH 27i.
Mgur BepHeMca K MHTerpaty / — B 3agagax .12 5.14. A cemuac me-

pengeM K MHTEerPAIbHON (GOpPMy.Te KOH_II/I.

3agaqa 5.3 (urTerpansnas popmyra Kommn). lIyers [ dymknus, ana-
AUTUYECKAS BILIOTH JO TPAHUILI OTPAHTIEHHON 06aacTn {J, MMeroIen TIa I-
kxyto rparuny JU/. Torga cupasegimsa clegyiomad HHTerpadbHad GoOpMy.Ia
Kormm:

1 f(2)

271 farr 2 — 20

dz = f(z).

Yrazanue. IllpegcraButs o61acth [/ B Buge o06BbeIuHEHNS MAJOTO 3a-
MKHYTOrO Kpyra B ¢ menTpoMm B Touke zg u obaactu V = [/ \ B. Torga

f()d= _ [ f(z)d= £(2)dz=
Z— 20 7./{9{/(2*20)_‘—. z—zn

aR

Jalt

TlepBBIN W3 BTUX UHTErPAIOB BBEITUCAAETCS IPU MOMOLMM TeopeMmbl Kormmn.
. f(z0)dz .
BTopoii mHTerpat MATO OTIMIACTCH OT WHTETpATA [ ————, KOTOpEI
. z — 2z
BBIYHCTEH B 3ajgate H.2.
3agaua 5.4. Tlycte A xommaexcHoe gncio, mpudeM |A| < |z — zg|. Tor-

I CIPABEIINBO PABEHCTBO

1

A A” -
zfzofAi(1+2720+“'+(2720)"+. ')2720 Z—:O (z — z0) "‘H’

OpuYeM DA, CTOANIMH B TPABON YaCTH PABEHCTBA, CXOANTCA DABHOMEDHO
B Kaxk ol obaactu |z — zp| > |A] + ¢ mpm £ > 0.
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3aga4da 5.5. B ycroBuax 3ajgaun 5.3 1oKaszaThb PABEHCTBO

" n! f(z)dz=
f( )(ZO) ~om ./aU #

Yrkazanue. Cm. zagaay 5.3.
3aga4da 5.6. IlycTs, B yemoBuax zagadnm 5.3, B paccTosHIe 0T TOYKH 2
0o Tpasune o6xacTu. JokazaTs, uro mpu |A| < R cipaBe1amBo paBeHCTBO

Flzo 4 A) = F(z0) + F(20) A = f®) (20) A" 4

TMokazaTk, 9To PAI CXOOWTCH paBHOMepHO B obmactu |A| < R — ¢, rae
£ mobHoe TOMOXKUTETBHOE THCTO.

Yrkazanue. Cm. zagasu 5.3 u 5.4.

3agaua 5.7. [TokazaTh, 9TO TPOUM3BOAHAA AHAIUTUYECKON (OYHKITNN
ABAACTCA AHAIUTUIECKON (PYHKITHEN.

Yrkazanue. Cm. zagauy 5.5.

3agaua 5.8 (Teopema Mopepa). Ilyets f(2z) HempepmBHAS KOMILIEKC-
HO3HAUHAA QyHKUnd B obxactn [/, npniem unTerpan ¢dopmul f(z)dz mo
M060MY 3aMKHYTOMY KOHTYDY, JdexaiiemMy B obaactu U, paBen nymwo. To-
raa pyuknna f amamuTuaHa B o6aactu .

Yrkazanue. Cum. zagasn 3.4 u 5.7.

3agatua 5.9. Tlycts f  paBHOMEPHBIN Tpefen AHATUTHNCCKTX (DYHKITIN
B obnactu /. Torga f  amamnTuwdeckas GpyHkIUA B obractu /.

Yrazanue. BocmoabzosaThea Teopemon Mopepa.

3agaqa 5.10 (omeHKH TPOM3BOAHEIX ¢ moTepen obaacTu). Ilycrs GyHK-
mna f amamuTwaHa B obaactm U/, I OAuHA TpaHnnsl obmactu [,
nu M wmaxcumym Mogyas gyekmunm f B /. Torga copaBeinmBa OIeHKA

' i
||f(l<)(z)|| < %, rge r(z)  paccTosHHE OT TOYKH z JO DDAHULLL

wr(z
obracTn.

Yrkazanue. Cm. zagauy 5.5.

3agada 5.11 (reopema Jluysmmna). DyHKOHA, AHATUTHYECKAS HA
BcéMm C, MOYIL KOTOPOU OTPAHUTEH, ABIAETCA KOHCTAHTOMN.

Yrazanue. Cum. zagaay 5.10 gaa k& = 1.

3agata 5.12. Muorosmavynaa amannTndeckas GYHKINA Inz — /12 d?'z =

=lIn|z| + iarg z (yHKuna arg z ompegeneHa ¢ TOYHOCTBIO 1O CIATAEMOTO
2k7) uMeeT ofHOZHAYHYI0 06pPATHYI MYHKIWI: ecau lnz = u = uy + iug,
To z = " (cos uy + isin uy). ITa GYHKIUA HABBIBAETCHL HKCNOHEHMOM.
3aga4da 5.13. U3 zagaunm 6.1 6ygeT ciegoBaTh, 9TO GYHKIUA Y = €Xp 2
aHaINTHYIHA (BO BCEN KOMILUIEKCHON IaockocTn). IIposeputs, aTo §' = y 1
aro y(") =y gua Beex n. Pag Telimopa expz CXOQUTCS K eXpz BO Beel
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KOMILTeKCHOI o6aactu (cM. 3agaay 5.6). Ilostomy

22 Zn
expz:1—|—z—|—7—|—...—|—F—|—....

3agada 5.14. Ilycts ~v: [0,1] — (C \ 0) xpuBag HA KOMILIEKCHOI
MIOCKOCTH, He TPOXOJAIlad €Uepe’ HyTh. PacCMOTPUM HOBYH KPUBYIO
d d
v1:10,1]—= C, roe 1 = avy, a € C, a # 0. JokazaTs, 9T0 / - / iy
Eaed

Iy z z
3agada 5.15. ITycts v1: [0,1] = (C\ 0) mw v2: [0,1] = (C\ 0) myTu ma
TPOKOJIOTON KOMILIEKCHOH TPAMOH, HAYHHAIOMNeCT B TOUKe 1 M KOHYAOIIN-
ecd B TOIKAX @ U b cOOTBeTCTBeHHO, Oy = a — 1, y9 = b — 1. Pacemorpum
KDUBYIO v, ABIAIOMIYIOCA 06heINHEANEM KPUBHIX ¥ 1 a7ys. Kpusad 4 cBaa-

Ha. OHa HavUHaeTcd B Todke 1 U 3aKaHINBAeTCAd B TOYUKe ab. r[pOBepI/ITI)7

dz dz dz .
yr0o | — = = 4+ / —, T. e. 9TO AT HEKOTOPLIX BeTBeN (PYHKINH In 2
Iz Iz Iy2 2

cupaBeqIuBEL paBercTBa In(ab) = Ina + Inb. BriBecTn oTcooga pABEHCTRO
exp(a + b) = expa expb.

6. Jlokainunie CBOﬁCTBa AHATIUTHUIECCKHUX OTOﬁpa)KeHI/Iﬁ

3agaqa 6.1 (Teopema 06 obpatHOn ymkunu). Iycrs [ amaamrute-
ckad QyHKIUA B OKpecTHOCTH Tokku a, upudeM [’(a) # 0. Torga f Baanm-
HO OJHO3HATHO 0TO6PAKAET OKPECTHOCTD TOYKH d HA OKPECTHOCTh TOIKI
f(a), mpuaem 06paTHOE 0TOOpAKEHIE ABLACTCA AHAIUTHIECKON QYHKITHEN.

Yrazanue. BocmoaszosaThca Teopemoil 06 o6paTHON QYHKIINH 19 OTO-
6paxennd f, paccMaTPHBAEMOTO KaK TaJKoe 0TOOpaKeHNe MIOCKOCTH B
LIOCKOCT.

3agaua 6.2. Muorosnaunas pyuxmusa f(z) = z'/" (onpegerenmas panen-
ctBoM (f(2))” = 2) yAOBIETBODAET CIEAVIOUIIM COOTHOIICHIAM:

1) 2 = |z|1/"(cosf + isin f), rge ¢ — arg z + 2km;
n n

2) 2" = exp(% In z)

3agaua 6.3. 1) Tlyers f/(z0) =...= fF 1 (25) =0, 50 f)(2y) £ 0. Bcrm
A nocrarouno mano, To f(zg + A) = f(z0) + A¥p(z0 + A), rae ¢ ama-
auTHdeckas GyHKuL, npuaeM ¢(zg) # 0.

2) CymecTyeT amatnTmaeckas GyHKINA ¢ Taxad, ato f(z9) + (g(2))F =
= f(z), upuiaem g'(zy) # 0 (06macTb onpegenenud GYHKINA ¢ MOXKeT OBITE
MeHBIIe, IeM 061aCTh onpeeneHnd GyHKOUN f).

3) JoxasaThb, 9TO ecIn B yCIOBUAX I. 1) aHamnTudeckad GyHKOud [
HeMoCTOAHHA, TO B OKPECTHOCTH TOYUKH 2o CYIIeCTBYeT Takad ToloMopd-
Has 3aMeHa IepeMeHHOHN u = u(z), z = z(u), 9T0 BLIIOIHAETCA DABEHCTBO
f(z(u)) = u* + f(20). (Bompoc m. 3 mepedopmyrmporka Bompoca m. 2.)
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3agatua 6.4. [lycte I/ cBa3mag o6aacTs Ha miockoctu, u f: 7 — C
HeMOCTOAHHAA aHaIuTHIeckada Gpyuknma. Torga

1) f coxpamser o6aactu (T.e. 06pas f(U/;) KaxKJOTO OTKPEITOCO MHO-
xecTBa [Jy C U ABI4eTCA OTKPBITEIM MHOXKECTBOM);

2) mpoo6pas f'(a) KaXIOTO 3HATEHNA (¢ COCTONT M3 MIOTUPOBAHHEIX
TOYTEK.

3agata 6.5. Ecan HemocTOAHHAA aHAIUTUYECKAA B CBA3IHON OTDAHUYTEH-
wont o6nactu U QyHKINA [ HempepuIBHA BILIOTE A0 Tpanulsl 3/, To GyHk-
nus | f| zocTuraeT Makcumyma Ha rparute O obaactu /. Ecmu f e 06pa-
IIaeTCs B HYIb HA B KAKOW Touke zg € [/, To Gyuknusa |f| gocTturaeT mm-
HUMYyMa HA TpaHuile o6JacTH.

Yrkazanue. Cm. zagauy 6.4.

3aga4da 6.6. lcnonbaysa 3aga4ay 6.5, 10Ka3aTh OCHOBHYIO Te€OpEMY ajare-
OPBI: BCAKUN TOJNHOM TOJOKUTETLHON CTETEHN UMeeT KOPEeHb.

7. Wurepcusa

Husepcueti B mpocTpancTBe R™ oTHOCuTETbHO cdhephl pagnyca R ¢ 1eH-
TpoM B Touke A HazwmiBaeTca mpeobpazoBaHUe, MEPEBOAAINEE TOUKY F B
TOYKY ¥ TaKyi, ITO

1) ay< m3 Toukn A, IPOXOZAINNT TIepe3 TOUKY #, COLEPKUT TOUKY Y;

2) mpomssegenue p(A,x) - p(A,y), rge p(-,-) paccToTHUE MEXKLY ABY-
Mf TOUKAMIE, paBHO R7.

TIpeo6pazoBanne UHBEPCUU OTIPEIETCHO B JI0O6GOU TouKe x € R”, oTantd-
Hom oT A.

3agaqa 7.1.1) [Ixa BcakON UHBEDCHH T CIOPABELINBO DABEHCTBO
Tor=id, rge id ToxZecTBeHHOE TpeOoOpPA3OBAHIE.

2) IlycTe 7 U 79 UHBEPCHH OTHOCHTEIBHO cdep paguycos By u Ry ¢
IIEHTPOM B TOYKe HYIb. JokazaTk, uto 79 = o7, rge I'  romoTeTna ¢
xoadunmerTom (Ra/Rq)?.

3) Musepcns oTHOCHTenbHO cdepbl ocTaBageT ATy cdepy Ha MecTe.
B xaxgon Touxe a chepbl aud@epeHinans THBePCUN  OTPAKEHUE OTHO-
CUTEIBHO TUMEPILIOCKOCTH, KACATETBRHON K cdhepe B TOUKE d.

4) OuddepeHunan UHBepCU B OPOU3BOIBHON TOUKE  KOMIIO3UIIAL
OTpaXKeHUS OTHOCATEILHO TUIEPIIOCKOCTH (KAKOUT) M pacTaKeHHnd (BO
cxonbko paz?). B wacTHOCTH, HHBepCHA COXPAHAET YIVIBL MeXKIY THOOBIMI
KPUBLIM.

3agada 7.2 (¢KBAJDATHBII TPEXWIeH) B eBKAMJOBOM IDOCTPAHCTEe R”).
PaccMoTpuM eBKAMIOBO TPOCTPAHCTBO R” U ypaBHeHNe

alw,xy + (b, x) + c=0, (1)

17



rge a,c JaHHBIe YncAa, b gaHHLIT BekTop B R”, £  HeM3BECTHRIN Bek-
Top B R” u (,) cxanapHoe mpousBejeHUe.

1) Ecim a =0, 5o b # 0, To ypaBHenue (1) onpegeaseT rUNePIIOCKOCTS.

2) Ecan ¢ = (), TO MHOXKECTBO DEIIEHUI COLePKUT HYIeBOI BEKTOD.

3) Oyers a # 0. Ecin «auckpuvunaaty D = (b, b) — 4ac oTpunarenesn,
To ypasHenue (1) mecosmectro. Ecau D > 0, To pemmennem #: ypasaenns (1)

D
ABIAETCH TI00ad TOYKA ¥ € TR”, HAXO0OAIIAACT Ha PACCTOIHINT 2— OT TOYKI
a

T = B wacTHOCTH, 06IIee pemtenne ypasHerud (1)  »To cdepa.

Sagéqa 7.3. PaccmoTpuM mHEBepCH0 OTHOCHTETLHO cephl paguyca 1 ¢
LIEHTPOM B HY.Ie.

1) Dra urBepcus sagaerca popmynon u(x) = x/{x, x). O6paTHoe Hpe-
o6pazosanue 3agaetca Gopmyaoi x(u) = u/{u, u). Ha xommrexcron mwioc-
KOCTH B KOMILTEKCHBIX O0O3HAUEHUAX DTHU NMPE0OPAZOBAHNA OMUCHIBAIOTCA
dbopmyramu v = 1/%, x = 1/u.

2) DTa uHBepcHf NePeBOAUT DeleHue ypasHeHus a{x,x) + (b, x) +
+ ¢ =0 B pemenne ypasuenus c{wu,u) + (b, u) + a=0.

3) Ipu »Toit uBepcun: cdepsl, He TPOXOALIE Yepe3 HyIb, IePeXOLaT
B cdeprel, He MPOXOAAIINE Yepe3 HYIb; c(epbl, TPOXOLAIINe Yepe3 HY.Ib,
MepPexoaaT B TUMIEPILIOCKOCTH, He TPOXOAAINNe Yepe3 Hydb, U HA0GODPOT.

4) TIpsaMele T OKPYKHOCTH B R” mepexoqaT B MpAMBIE U OKPYKHOCT.
(Korga okpyKHOCTE IePeXOUT B IPAMYIO? )

3agaqa 7.4 (sagata Kokxcrepa). lyers cdeprr Sq, Sa, S3 u S4 B Tpex-
MEPHOM TPOCTPAHCTBE MeKAT BHe APYD APYra W KACAIOTCA APYT APYTa.
TTocTpoum cdepy S, kacaromytoca cdep Sy, So, Sz u S4. 3aTeM ToCTPOUM
chepy Sg, kKacaomytoca cdep Sy, Sz, S3 m S5 Takyw, 9T0 S £ S4. 3a-
TeM mocTpouM cepy S7, Kacamwlryocad cdep S, S, S3 U S5 TaKyio, ITO
S7 # Sy, m 7. 1. JoxazaTs, 9T0 Beerga Si1p = S4.

3agaua 7.5. Crepeorpapudeckas mpoexinda chephl HA LIOCKOCTD
orparmaenme Ha chepy HEKOTOPOH WHBepCHH TpocTpaHcTBa R7 (kaxoi?).
TMosToMy cTepeorpaduyeckas MIPOEKINd TEPEBOIUT OKPYKHOCTH Ha cdepe
B OKDYKHOCTH U TPAMBIE HA TLIOCKOCTH U COXPAHAET YLl MEKAY KPUBBIMIM.

3agaua 7.6. Duxcupyem za chepe S B R? opumenTammo, IpoTHBOIO-
JNOKHYIO OOBLIYHON, T.€e. TAKYHD, 9TO BEKTOD BHYTDEHHEHN HOPMAIU U Tapa
MPABIILHO OPUEHTHDPOBAHHLIX Ha C(epe KacaTelbHBIX BEKTODOB B TOYKE
a € S 06pa3yoT TPOHKY MOI0EKNTETLHO OPHeHTIPOBAHHEIX BEKTOPOB B 7.

1) Crepeorpadnieckad IPOEKUNT U3 «CeBEPHOT O MOII0CAy Ha cdepe Ha
COPU3OHTANBHYIO IIOCKOCTD (IPENoIaraeTed, 9To cdepa IeKnT Ha TOPH-
AOHTAILHON ILIOCKOCTH U YTO TOPU3OHTAILHAL ILIOCKOCTE OPUEHTUDOBAHA
CTAHJADTHBIM CIOCOGOM) COXPAHAET OPHEHTALNIO.

2) Crepeorpaduieckas IPOEKINI U3 (HOKHOTO HOIOCAY Ha cdepe Ha

18



COPU3OHTATBHYIO IOCKOCTD (IIPEAIONATACTCA, ITO TOPU3OHTATBHAL ILIOC-
KOCTB c(Pephl JEKUT Ha cPepe U 9TO TOPU3IOHTATBHAT IOCKOCTH OPUEHTH-
POBaHA CTAHJADTHBIM CIOCOGOM) MEHAET OPHEHTALNIO.

3) OToxeCTBIM BePXHIOK I HIJKHIOK KACATEIbHBIE IIOCKOCTH K che-
pe IpH MOMOLIM MADALIEILHOTO HIEPEHOCA HA BEPTUKAIBLHBII BeKTOD (IO
JJIMHEe DABHBEIN guameTpy cdepsl). JokazaTs, 9T0 HOCIE HTOCO OTOXKIe-
CTBIEHNA cTepeorpadbudeckas npoeknnd (a) TOYKA ¢, ONUCAHHAL B I. 1),
u crepeorpaduiueckas Tpoexiud y(a) TOI XKe TOIKH ¢, ONUCAHHAL B I. 2),
CBA3AHBI MEX Y cOO0U MpeoGpazoBanneM nHBepcnn. )THOCHTEIBHO KAKON
OKDPYXKHOCTHU?

4) B xoMIutekcHBIX 06o3HadeHHax Toukn (a) u y(a) n3 m. 3) cBA3aHLI
cootHomenueM y(a) = 1/%(a). (Ipu ycrosun, ato guameTp cdepsl paBeH
eJUHAIe. )

IIpeobpazosanue Mébuyca  >To oToGpaKeHHNe TIOCKOCTH, TOMOTHEH-
HOU 6ECKOHEYTHO Y IATCHHON TOYKON, B ce04A, TePeBOAAIIEe TPAMEIE T OKPY K-
HOCTH B IIPAMBIE I OKPYKHOCTH U COXPAHMIOLIEe YIJIEL MeXK Iy KPUBRIME (HO
He 06A3ATeNBHO COXPAHAIIee OPHeHTALNIO).

Amanormuso ompegergeTca mpeoGpasopanne Mébuyca cdeprr 8RB ceda.

3agaqa 7.7. 1) Ha mrockoctn R? BeAKUE TOBOPOT M BCAKWH HAPALIEb-
HEBEIN TTEPEHOC MOJXKHO TPEICTABUTEL B BUJE MPOU3BEICHUA ABYX CUMMETPUN
OTHOCUTEIBHO TPAMBIX. Kakux?

2) B npoctparcTse R” TOMOTETHIO ¢ HOIOKUTEILHBIM KO3DOUITEHTOM
MOXKHO TPEICTABATEL B BUJE MPOU3BEIEHNA ABYX WHBepcun. Kaknx?

3agatua 7.8. BygeMm ToBOpUTB, ITO OBE TOYKNH CUMMETPUYHBEI OTHOCH-
TeIBHO OKPYKHOCTH, €CIU OHU MTePECTABATIOTCA TTPU NHBEPCUN OTHOCHTENb-
HO oKpyX)HOCTH. [ToKa3zaTh, 9TO TOYKN ¥ U CHUMMETPUYIHBI OTHOCHTEILHO
OKPYXRHOCTH S, €CIU U TOIBKO €CIH BCAKAA OKPYKHOCTD /., TPOXOIAIIAT Te-
pe3 r u y, mepecekaeT S MO TPAMBIM YIJIOM. BEIBECTH 0TCI0IA, ITO CHMME-
TPUA TOUEK OTHOCUTEIBHO OKPYKHOCTH COXPAHAETCA TTPU MPEO0OPA3OBAH-
ax Mé6uyca (T.e. ecim ' mpeo6pazosanne Mébuyca u ', y CAMMETDIIHEL
oTHOcuTerbHO S, To F (1), F(y) cuMmMerpudnsl oTHOCHTeasHO F'(S)).

3agata 7.9. ITapy oxpyxuocTen S7 m Ss MOXKHO TepeBeCTH TPeoHPazo-
BauueM MéGuyca

1) B mapy OPAMBIX, IPOXOAAIIAX HYepe3 TOUKY HY/b, eIl S 1 Sy mepe-
CeKanTCA;

2) B mapy HAPALIEABHBIX IPAMBIX, CIH S U S5 KACAIOTCH;

3) B mapy KOHLEHTPHYECKHX OKDYKHOCTeH, ecin Sy u Sy He mepeceka-
OTCA.

Yrazanue x n. 3. llocTponTs NpAMYyI0 I OKPYXKHOCTH, OPTOTOHAIBHO
mepecekatorme S; m Ss. DTy TPAMYI0 U OKPYXKHOCTH MEPEBECTH B MApy
TMIPAMBIX, TPOXOIAMINX Yepe3 TOUKY HY.Ib.
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8. Cdepa Pumana

3agada 8.1 (Teopema 06 yerpanumon ocobennoctn). 1) yers f anarn-
TUYHA W OTPAHUYMEHA B TPOKOIOTON OKPEeCTHOCTH Toukn a. Torga f amanm-
TUYECKN TPOJOMIKACTCA B TOUKY d.

2) Ecan B yeroBuax m. 1) BMeCTO orpaHN<IeHHOCTH [ IMeeM HeDABEHCTBO
|f(2)| < C|z — a|~N gna mexoropoii koucTanTh ' 1 HeKOTOPOTO METOT0 N,
To f(2)(z — a)V apngerca amamuTaeckon pynxunei. Taxas pyuxmnns f(2)
B OKPECTHOCTH TOYKHU @ TPEICTABUMA B BUIE PAIA

(o)
f(z)= Z em(z —a)™.
mz2—N

Ecmn mpu atom ¢ # 0 mw —N < 0, To roBopaT, ¥T0 QGyHKINA [ UMeeT
nodloc mopagka N B TOUKe da.

3agada 8.2. PaccmoTpuMm Takoe riagkoe oTobpaxkenue [ obractu U C
CR? B R? uro:

1) auddepennuan f obpalmaeTcd B HYIb JUIIL HA JUCKDETHOM MHOXKe-
CTBE TOYEK;

2) BO BCeX OCTATBHBIX TOYKAX AuB@EPEHINAL COXPAHAET OPUEHTALII0
U YTUIBI MEXKIY MIOOBIMU IBYMS KPUBBIMU, TPOXOIAINIIME Y€pe3 DTY TOUKY.

Torga f  amammTudeckas dysxmna (Mbr oTox rectagem R? ¢ C).

Yrkazanue. BocmoaszoBaThea Teopemon Ko n TeopeMont 06 yeTpaHn-
MOU 0COGEHHOCT.

Ompegenenne. Puxcupyem Ha chepe S B R? HeKOTOPYIO OpHEHTALLI).
Oro6paxenne f obractu [/ C S Ha 0opUEeHTHPOBAHHON cdhepe B KOMILIEKC-
HYIO TLIOCKOCTE HAZLIBAETCA aHadumuueckum, ecan df obpaiiaerca B HYIb
JUITb B AUCKPETHOM MHOXKECTBE TOYEK U B OCTaIbHBIX Toukax df coxpa-
HAET OPUEHTAINIO W YIIBI MEKAY MIOOBIMUA IBYMA KPUBBIMHU.

3agatua 8.3. Pukcupyem Ha chepe amameTpa 1, mexalnen Ha TOPUIOH-
TATBHON TIOCKOCTH, OPUEHTAIIN), TPOTUBOMOIOKHYI CTAHIAPTHON.

1) Crepeorpadutieckas IPOEKINA T U3 «CEBEPHOTO HOMIOCAY C(hephl Ha
TOPU3OHTAIBHYIO TLIOCKOCTh, KACAIOIIYIOCA CPEPHI B (IOKHOM TOTIOCE) che-
DBI, ABIAETCA AHATHTHYCCKUM OToOpaxenmeM. Ecmm o6racts {J C S? me
COIEPXKUT BepXHen TOYKU cdepnbl, To oTobpaxenne f: I/ — C sasrgeTca
AHAMUTUIECKUM, €CIN U TOJBKO eCIN (PYHKINA KOMILIEKCHOTO TePEeMEHHO-
ro f(m, '(2)) B o6aactu 7 (/) ABATETCA AHATHTHECCKOT.

2) Crepeorpadutdeckas TPOEKINUA Ty U3 (HOKHOTO IOTOCAy cHEPHl HA
TOPU3OHTAIBHYIO TLIOCKOCTh, KACAIOIIYIOCA CREPHI B (CEBEPHOM TIOJIOCEH
ceprl, ABIAETCA AHTHAHAIUTUIECKHM OTOOpaXKeHUeM, T.e. 0ToOpaxke-
HUe Ty ABIAETCA AHAINTHICCKHM (MBI OTOXKJIECTBILeM BeDXHIOK U HIK-
HIOI KACATEIbHBIE MIOCKOCTU TMPHU TOMOIIMN MAPALIETLHOTO MepeHoca Ha
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eIVMHIIHBIN BePTUKATLHBIN BEKTOD U OTOX JECTRIAEM 066 TIOCKOCTH € KOM-
wiekcHOR npaMoit). Ecin o61acts U He cogepKUT HUKHER TOUKH cepH,
To oTobpaxenne f: [/ —  arideTca aHATUTHIECKTM, €CTH U TOIBKO €CTH
dyuxuma f(m, ' (7)) KoMILIeKCHOTO TepeMeHHOTO % B o6aacTn T () ABms-
eTca AHATHTHIECKOT.

3) «Kommrexcusle koopauHaTeh z(a) = m(a) n u(a) = my(a) Touxn a HA
cdepe cBA3AHLI cCOOTHOMeHUAME U = 1/z, 2 = 1/u.

Tax #HazeBaeMy™o cdepy PIMaHA MOXKHO BOCOPUHUMATE KAK KOMTLIEKC-
HYIO MIOCKOCTD, JOMOJIHEHHYI OTHOU TOYKOU, o6ozHadgaeMon oo. (Oxomo
ATOH TOYKHA eCTh KoopauHaTa 1 = 1/z, mpuaem u(oc) = 0.

ToropaT, ¥To QyHKINA [ HepeMeHHON z AHATUTHYIHA B OKPECTHOCTH
6EeCKOHETHOCTH, €CITH U TOTBKO ecan (hyHKIHUS 1) TepeMeHHOH u, ompefe-
nerHas dopmyaon (u) = f(1/2), amamuTnara B okpectHocTn Hyad. Ecin
dbyuxIuA P IMeeT Momoc mopagka N B HyTe, TO TOBOPAT, UTo GyHKIHUA [
nMeeT Tmoatoc nopagka N B 66CKOHETHOCTH.

Onpegenenne. Oyukmua f mepomopPra B obractu U/ Ha cepe Pumana,
ecIm Bce ee 0coOBIe TOIKN B 3TON 06JaCTH ABIAIOTCA TTOTOCAMI.

3agaua 8.4. Jokazarh, 9TO

1) dysxnus f, mepomopdHas Ha chepe Pumana, npegcraBuMa B BuIe

)

M =PE+ Y Y
G

1<k 1< <m(i

TlosTomy Beakasa pyukina, mepomopduan Ha cpepe Pumana, pamumonaabaa.
2) BCAKAA DAIMOHAILHAA (DYHKINA PACKIALBIBACTCA HA TPOCTEUIINe
Apoom;
3agaqaa 8.5. 1) Beakoe amannTudeckoe B3AUMHO OJHO3HAYHOE Tpeobpa-
aosaune chepul PuMana B ceba  »To APOOHO-INHENHOE MPeoOpA3OBaAHNE

/ b
%, rae ad — be # 0.

2) Beaxoe IpoGHO-IHHENHOE HIpeoGpazoBaHme, A1 KOTOPOTo ¢ # 0,

A
TpeIcTABIMO B Bujge 2 = —— + 5.
z — 2z

3) Beaxoe gpo6HO-IHHETHOE IPeo6pPA30BAHNIE IPEJCTABIMO B BIE DO~
UABeJeHNA He Holee deM deThIpeX MHBEPCHIL.

4) po6HO-TMHEHOE Tpeo6pazoBaHNe MMeeT AN6O ABE HETOIBIIKHBIX
TOUKN, ANGO 0AHY (KPATHY) HEMOABUKHYIO TOUKY, AMOO TOX IeCTBEHHO.

5) Jdaa M06BIX Tpex PA3MUTHBIX TOYEK (¢, b, ¢ 1 [I1 T0OBEIX TPeX PA3INt-
merx Tovex A, B, C cyllecTeyeT efuHCTReHHOe IPO6GHO-THHENHOE TPeobpa-
soBaHne z — F(z) makoe, ato F(a)=A, F(b)=Bu F(¢)=C.

6) Beaxas KOMIO3NLIAA 9€THOTO HUHCIA WHBEPCUN ABIATCH IPOGHO-IM-
HeHHBIM TPeo6pa’oBaHTeM.
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3agaua 8.6. 1) Coxpamsiomee opueHTanuio mpeobGpazosanue MéGuy-
ca  »TOo OpOGHO-TUHENHOe TpeoGpa3oBaHme.

2) Memnsmomee opueHTannio peoGpazoBaHme MéGuyca umMeeT BUJ
az +b
F(z)= =1 TR ad — be £ 0.
3) JIio6oe npeobpazosanue Mébuyca  mponmsBejeHne HHBEDCHIL.

3agaqa 8.7. Beskoe B3AMMHO 0JHO3HAYHOE TTpeoOpazoBanie cdepbl B R
B cebf, COXPAHAIIIEE YIIBI MEXKIY JMIOOBIMH IBYMS KPUBBIMU, ABIAETCA
npeo6pazoBaunem Mébmyca. Omo Beerga mpegcTaBUMO B BU e KOMITO3UITNT
WHBEPCUUA OTHOCUTEIBLHO c(ep, OPTOTOHATBHBIX JAHHOU c(epe.

9. BerueTn

Pacemorpum dopmy f(z)dz, rae f(z) amammTndeckad QyHkuuL B
TPOKOJIOTON OKpecTHOCTH |/ TOYUKN a.

3agaua 9.1. UaTerpan z)dz mo m6oMY KOHT JexKalleMy B
A par - y YPY 7, y

obaactu U m «oberaiomemMy oInH pa3 BOKPYT TOYKH ¢ B HATIPABAEHNN TTPO-
THUB 9aCOBOU CTPEIKNY, HE 3aBUCAT OT BEIOOPA KOHTYDA 7.

1
Ompepenenne. 1) Yncro 7wt / f(z)dz, rge v  womTyp m3 3agaum 9.1,
i Sy
HaabBaeTcd ehiuemonm Gopubl w = f(z) dz B Touke a u o6o3HaTaeTca Resw;
@

2) ecim @ — 0o, To BEIIeT Gopmbl f(z)dz Mo ompedeneHNio paBeH BEIYETY
dopunt f(1/2)d(1/z) B Touxe 0.
3agaqa 9.2. 1) IlycTs B OKpecTHOCTH TOUKH a 7 oo dyHkuud f(z) npen-

cTBUMa cxomanmves pagom f(z) = >, Cp(z — a)*. Boruncans Resw,
@

rge w = f(z)dz. Tooch<eo

2) IIycTs Opu JOCTATOYHO GOABIIUX 2 DA > Cpz* cxogures.

Hantu Resw, rge w = f(z) dz. —oo<k<oo
[ee]

3agaqa 9.3 (Teopema o cymme BrdeToB). IIyers U 061acTs Ha cdepe
Pumana ¢ xycouno raagkonn rpanunen v = OU. Hycers f(z)  dyExmud,
AHATNTUYECKAS BIIOTH OO TpaHuibl obaactu U/ Bciogy, 3a HCKIIOYTEHHEM
KOHETHOT'O YUCIa BHYTPEeHHNX Todek. Torga

/f(Z)dZZZﬂ'iZRfsf(z)dz.
o a€ll

B wactHOCcTH, ectu U cdepa Pumana, To
Z Res f(z)dz =0.

3agaua 9.4. [Tycts dyuxnua f(z) MepoMopdHA B OKDECTHOCTH TOYKY d,
T.e. mpegerasuma B Buge f(2) = > Ck(z — a)*, u kosdpdument ), He
m<hk<oo
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df
paBeH Hya0. Torga BuITeT GOPMBI W = 7 B TOYUKe ¢ PABEeH M, T.€. 3TOT

BEIMET OTPHUIATEIEH B MOIKCE, TOIOKITEIEH B HYIe H IO MOIYIIO DABEH
KPATHOCTH COOTBETCTBYIOIIETO TOMIOCA WM HYI.

3agaqa 9.5 (mpuunun aprymenta). 1) ITyers dyukuua [ mepoMopdHa
B obnactu U/, P «mncmo nomtocos pyukiuu f B o6aacTu [/, MOCINTAHHBIX
¢ yaeToMm kpaTHocTu, N  wncao mymen ¢pyukuum [ B obaactu [/, mocum-
TAHHBIX ¢ yIeTOM KpaTHOocTH. Torga

L/ i _p_n
27,

alty f

1 d
2) Hucao — / —f PaABHO MPUPOCTY apryMeHTa MYHKIUN [ TpH MO~
2w JoU f : : : :

HOM 06x01e TpaHuis! obractu .

3agaqa 9.6. Juna panuoHannHOU GYHKOUE Ha cdepe GnCIo Hyel (mo-
CUNTAHHBIX ¢ Y9eTOM KDATHOCTH) PABHO YHCILY €€ MOII0COB (MOCINTAHHBIX
¢ y9eTOM KDATHOCTH). B 9acTHOCTH, YHCI0 HyJeHl MOAMHOMA CTENeHH 7
pPaBHO N.

Yrazanue. Cum. zagasn 9.4 u 9.5.

10. TeomeTpusa Jlo6aderckoro u TOKII

3agaqa 10.1. PaccmoTpuum B8 R” BepxHee momrympocTpaHcTBo RY, ompe-
JeleHHOe HEePDABEHCTBOM &, > (), rge x,  TocregHdad KOOPAWHATA TOUYKN

x=(x1,...,2,). 3agagUM PUMAHOBY MeTpHUKY IlyaHKape B R%
de))? + ..+ (dop)?
(dS)QZ( T1) + 2+( T”) .
Tn

HMokazaTh, 9TO »Ta MeTPUKA NHBAPUAHTHA OTHOCUTETHLHO WHBEPCUN, IEH-
TPBI KOTOPBIX J€KAT B THIEPILIOCKOCTH &, = (), a pagnychl TPOU3BOILHEI.
Yrazanue. Cum. n. 4 zagasun 7.1.
3agaga 10.2. IlycTs y Todex #1 n £ B R Bce KOODANHATHI, KPOMe TIO-
craeguen, paBHBL. Torga cpeanm BceX KPUBBIX, COSIUHAIOININX X1 U X9, CAMAA
KOPOTKAA KPUBAA B CMBICIE MeTpUKN [lyaHkape  BepTUKAJBHBIN OTPE3OK.
Yrkazanue. AHATOTUYIHBIN (PAKT BepeH MId THOOGON MEeTPUKN

(d)” = Fwn)((dr1)” + ...+ (d70)"),

rae f  mo6ad HeoTpuaTerbHAA DYHKINA, 3aBUCAIIAA JUITh OT OJHON TIe-
PEMEHHOU &, .

3agaqa 10.3. llycte ® uw @y  gBe Touku B R} . Torga camas xopoT-
Kad B CMBICAe MeTpUKHU IlyaHKape KpuUBad, COCAUHSAIONIAA #1 W ¥, AYTa
OKPYXKHOCTH, OPTOTOHAILHON TUMEPILIOCKOCTH Ty = ().

Yrazanue. Cm. zagaam 10.2 m 10.1.
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MorynpocTpancTtro R ¢ meTpukon llyankape HA3BIBAETCA MOJETBIO
IIyankape mpoctpaucTsa JlobadeBckoro 7.

3agaqa 10.4 (mepasencrso Ilsapua). Ilycts By OTKPBITHIN eIMHET-
HEII KPYT HA KOMILIEKCHOH ILTOCKOCTH (T.e. By oIpefeneHO HepABEHCTBOM
|z| < 1), w myers f: By — By Takoe aHAIUTHYECKOe OTOODAKeHUe, ITO
F(0) =0. Torga

1) cupaBegIuBO HEPABEHCTBO

£ () < Jzl;
2) ecam xoT4 6B B 0AHON TOUKe 2 € By, zg 7 0, focTUTaeTca pABEHCTBO
|f(z0)| = |z0]s To f(2) =¢- 2z, rge ¢ KoMILIeKCHOe 4mcao, |ef = 1.
Yrazanue. Jna Beakoro saMmxayToro kpyra |z| < (1 — &) Bocmoaszo-
(=18,

z
3agata 10.5. TlepeBegeM OTKPBITHIN KPYT 51 B BEPXHIOK TOIYILIOCKOCTE

BATHCH IPUHINIOM MAKCIMyMa I18 QYHKIINHT @

TR?I_ M0OBIM IpeoOpazoBaHneM Mé6uyca (T.e. Ipon3BejeHneM HHBEDCHUH) U
WHIYIUPYeM B B puMaHOBY MeTpuky um3 meTpuku llyankape B TR?‘_. To-
rAa UHIVIUPOBAHHAS METPUKA HE 3aBUCHT OT BHIGOpA MPeoOpa’oBaHUA
Mébuyca (motemy?) u Toxke HazbiBaeTcd MeTpukon Iyanxkape. OTKpPBITHIR
Kpyr By BMmecTe ¢ MeTpukon Ilyamkape HazwpiBaeTcad Mogenblo IlyaHkape
mI0cKOCTH JI06ATEeBCKOTO B eIUHUTHOM Kpyre. deMy paBHAa »>Ta PUMAHO-
Ba MeTpuka! Kak BRINIAINT KPATIANIIAT B CMBICIE STOU METPUKU JTUHUA,
COeUMHAIOMAA IBe TOYKN B 17

3agata 10.6. TlycTs Touka ¢ 1eXKUT B OTKPBITOM eINHUYTHOM KPyTe .

Pacemorpum dyukunio h, oupegerenuyio dbopmyaon h(z) = 2;01 TToka-

az —
3aTh, ITO

1) h 3agaeT B3aUMHO OQHO3HATHOE OTOOpaXKeHne By B cefi, coxpaHdeT
MeTpuky IlyaHkape B Kpyre u MePeBOAUT TOYUKY ¢ B TOUKY HY.Ib;

2) Begkad apyras QyHKOUL ¢, 00IAJAIOWIAL YTHMA CBOLCTBAME, HMe-
eT Bug g — ch, TIe ¢  KOMILTEKCHOE HHCIO, TT0 MOIYJI DABHOE €IUHUIe
(byuxuna h BBIgenteTcda cpesu GYHKIUN, 00JAJAIMMX STUMEI CBOHCTBA-
MU, T€M, 9TO OHA TEPEBOAUT MPAMYI0, COSIMHAINIYI0 TOYKN HYIb W d, B
cebs).

Sagaua 10.7. IIycts f: By — By AaHAINTHYECKOe OTOOpaKeHne OT-
KDPBITOTO ¢IUHUYIHONO KPYTa B cebd (He 00I3aTeIbHO OCTABIAIOMIEE TOUKY
Hy1b Ha MecTe). Torga Aad mM06BIX ABYX TOWYEK 21,29 € By copaBelamso
HEepPaBEHCTBO

P(f(21 )7 f(22)) < P(Z1 ) 22)7

rge p  paccrosHume B MeTpuke Ilyamkape. Ecam J18 HeKOTOPOH Maphl
Touex z{, 28 € B, rae z) # 28, sumonmaeTca pasemctro p(f(2V), f(29)) =

= p(2?, 29), To nna moboit maper Towex z1, 20 € B p(f(21), f(22)) = p(21, 22).
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Yrasanue. PaccmoTpeTs oTo6paxenne F' = hy o fo hy, rme hy u hs
yurknum u3 3agaun 10.6, mepesonqiime, coOOTBETCTBEHHO, TOUYKY HYIbL B
ToUky zq u TOUKy f(z1) B Touky Hyab. Jaz oTob6paxenus F BOCIOIB3O-
BaThcA HepaBeHcTBoM 1IBapia.

3agaaa 10.8. 1) Iycrs f: By — By B3ANMHO OJHO3HAYHOE AHAIN-
THdeckoe oTobpaxkenme. Torga orobpaxenne f coxpanseT MeTpuky Ily-
amKape m fABIgeTCA TpeoOpazoBanmeM MéEGmyca, COXPAHSIONIIM OPUEH-
TAINO.

2) BeAxoe B3aUMHO OJHO3HAMHOE 0TOODAKEHHE ILIOCKOCTH JIo6adeBcKko-
T0 B ce6s, COXPAHIONIEe YIIbI MEXKIY MTIOOBIMU IBYMS KPUBBIMU, ABIAETCA
OBUXKeHNeM maockocTn Jlo6adgerckoro.

Yrkazanue. Cum. zagaqay 10.7.

3agada 10.9. Jna 110601 Taphl PA3IUYIHBIX TOYEK 21 U 29 B €JUHUTHOM
kpyre By ={z € C:|z| < 1} u gra moGoro BeGopa KOpHEH by = \/Z7 u
by = \/2Z> CIpaBelINBO HEPABEHCTRO p(zq,29) < p(by,bs), Tge p paccros-
Hre B MeTpuke [lyankape.

Yrkazanue. Cum. zagaqay 10.7.

3agaqa 10.10. Iycts f: D — By ogHoxucTHOE 0TOGDaXKeHHe (T. €. ec-
m f(z1) = f(z2), To z; = z3) ogHOCBA3HON o6GracTH ) B eQUHUYHEBIN
xpyr Bi. IlycTh Touka a € By He mpuHagmexuT o6pa3zy oTobGpaxeHud f.
Ilyctes ¢: By — By B3anMHO OJHO3HAYMHOE AHATUTUYECKOE OTOGDAKEHE
kpyra By B cebs, mepesogaiiee Touky a B Touky (). QO6ozmaum wepes ¢
OJHY U3 OJHO3HAYHEIX BeTBell GyHKnuu g = +/¢(f) Ha obmractu 1) (mowe-
My Takafd BeTBb cymecTByer?). Torga Qs M06BIX IBYX DA3MHIHBIX TOYEK
a,b € ) cupaBelTUBO HEPABEHCTBO

p(g(a), g(b)) > p(f(a), f(b))

(3gecs p  merpuka Ilyamkape), npudem yuknua g: 1) — By ogHOIECT-
Ha B /).

Yrazanue. Cum. zagaqay 10.9.

3agaua 10.11. PuxcupyeMm ABe pazInYHBIE TOYKU ¢, h B OJHOCBAZHON
orpaunmtdennon o6aactu 1. Myers f: D — By OTHOINCTHOE oToOpaxKe-
mue, gia xkoroporo p(f(a), f(b)) nmpuHUMaeT camoe GOIBIIOE BO3MOKHOE
amadenne. Torga f  B3aWMHO OJHO3HATHOE OTOOpaKeHUE.

Yrazanue. Cum. zagaay 10.10.

Teopema Pumana yTBepxgaeT, 9TO Iad BCAKOU OTPAHUTEHHOW OTHO-
CBA3HON o6macTu /) CyImecTBYeT B3ANMHO OTHO3ZHATHOE AHAINTHUYIECKOES
0TOGpAaXKEHNE B € JUHUTHBIN KPYT.

[lna 3aBepiienna J0oKa3aTeILCTBA TeOpeMbl PuMaHa HAM HYXKEH KPUTe-
PUll KOMITAKTHOCTH CEMENCTBA AHAIUTHIECKUX (DYHKIIIH.
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11. KoMmakTHOCTh GYHKIMOHATLHBIX MHOXECTR
u Teopema Pumana

MeTpudeckue IpOCTPAHCTBA M KOMITAKTHOCTD. B 3agagax 11.1 11.3 mMur
HATTIOMHUM TeopeMmy Apiend. MeTpudeckoe TpoCTPpAHCTBO HAZBIBACTC N0~
HbILM, €CTH B HeM KaXad (PYHIAMEHTAIBHAA MOCTEOBATEILHOCTD CXOIUT-
ca. Tomonorusgeckoe TPOCTPAHCTBO HABBIBACTCA KOMNAKMOM, €CIN M3 JTHO-
60T0 ero TOKPHITHA OTKPBITHIMI MHOKECTBAMI MOXKHO BHIGPATHL KOHETHOE
noamokpeiTHe. MHOXKECTBO X B METPUYUECKOM TPOCTPAHCTBE HA3BIBACTCA
6NOAHE O2PAHUNEHHBLM, €CAN IAd A0060T0 € > () B HEM CYIIECTBYET KOHEuU-
HaA E-CeMb, T. €. TAKOE KOHETHOE MOIMHOXKECTBO A, 9T0 114 0600 TOYUKN
x € X cyIIecTByeT TOUKA a € A, paCCTOIHNTE KOTOPOU M0 TOYKN X MEHBITe
UIN PABHO €.

3agatua 11.1. MeTpudeckoe TpOCTPAHCTBO ABAAETCA KOMIAKTOM, €CIN
U TOJBKO €CIU OHO MOTHO U BIOTHE OTPAHUTEHO.

agaua 11.2. HenpepruiBHOEe 0oTOOpaKeHNE METPUIECKOTO KOMIAKTA B
METPUIECKOE TPOCTPAHCTBO PABHOMEPHO HEMPEPHIBHO.

3agada 11.3 (Teopema Apnend). Pacemorpum npoctparcrso C'(X,R™)
HETPEPBIBHBEIX OTOGPAKEHNT METPUTIECKOTO KOMITAKTA X B eBKINJOBO TTPO-
cTpaucTBO R”. DTO IPOCTPAHCTRO HAJETCHO PABHOMEPHON MeTpukon. [To-
muOkecTBo A C (X, R”) umeeT xommakTHOe 3aMbikanne B C'( X, R?), ecin
U TOJBKO €CIN

1) dyukunn u3s A paBHOMEDHO OPDAHNYEHEL, T. €. CYIIECTBYeT KOHCTAH-
ta (' makaq, aro ecin f € A, ro ||f|| < C (||f]| »To Mmaxcumanbmas giuma
BexTopa f(x), 2 € X);

2) ¢GyHkmuzm m3 A DABHOCTENEHHO HENPEPHIBHEI, T.e. JIA JIH0060C0
¢ > 0 cymectsyer § > 0, Takoe, 9TO ecau p(m1,m2) <dum feA To
p(f(a1), Fls)) <.

KomnakThaEIe cemencTBa aHamuTwieckux yuxmmi. [Iycte 1) m1obas
obracTeb m K KOMIIAKT, cogepxKaunuca B /).

3agada 11.4. Eciu MHOXKecTBO A amanuTudecknx GyHKIUN B obaacTn /)
PABHOMEDPHO OTPAHUYEHO, TO OTpaHmtdeHua »Tux GpyHkiun wa K C /) pas-
HOCTEMEeHHO HEMPEPLIBHHI.

Yrkazanue. Tpouasoguas (QYHKINN OLEHWBAETCA B MEHBIIEH 0GJIACTH
IpU OMOIIN HHTerpaabron Gopmynsr Komu (M. sagaqty 5.10).

3agada 11.5 (KOMOAKTHOCTH OPPDAHNYEHHOTO CeMeHCTBA AHAINTHIE-
cxknx ¢yaxnuin). Ecin mMHOXKecTBO A amammTmdecknx (QyHKOIUD B 061a-
cTu /) paBHOMEPHO OTPAHUYEHO, TO U3 BCAKOU MOCTEIOBATEIBLHOCTH (DYHK-
oni m3 A MOXHO BBIGPATH TOATOCAEIOBATEILHOCTD, OTPAHUYEHNE KOTO-
pon Ha KaXOui KoMmakT K C /) cxoguTcd PABHOMEPHO HA DTOM KOM-
maKTe.
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Yrkazanue. BocmoaszoBaThea 3agaden 11.4 gaa Takon CIeTHON MOCTEN0-
BaTeabHOCTH KOMIAKTOB K1 C Ky C ..., uro | JK; = D, n ¢quaroHATLHBIM
npomneccoMm KauTopas.

3agaua 11.6. [lycTs xaxgaa uz pyuxuuu f1,..., f,, ... aHATUTUIHA B
obractu /) m oamoaucTtHa B Hen. Ilycts dyukmua f ecTs mpegen (pyHK-
uun f1,..., fn,..., Opu¥eM 414 Kaxk JoTo koMnakTa K C ) orpanunvenus f;
ma K paBHOMepHO cxogaTcda k orpanudennto f ma K. Torga f au6o mocto-
AHHA, TU60 OQHOMNCTHA B ).

3agaqa 11.7 (Teopema Pumanma). Ilycts 1) ogHOCBA3HAA OTDAHUYTEH-
Haa obmacTh. Torga cyIecTByeT B3aNMHO OTHO3HATHOE AHAIUTHUYIECKOE
oTo6paxenne f: [) — By obractu /) B eINHUYHBIN KPYT.

Yrazanue. BocnoabzoBaThesd 3agadamn 10.11, 11.5 u 11.6.

12. TlpogoakaeMoCThL JO TPAHUIILI

3agaua 12.1. llycte X C R”  orpammvennoe mMuHOXKecTBO, u f: X —
— R”  mempepwiBHOe oTob6paxkenme. OTobpaxenne f HeMPEPLIBHO TPO-
ZOMKAETCS HA 3AMBIKAHIE X MHOKECTBA X, €CIH I TOIBKO €CIH 0ToGDa-
KeHumne f paBHOMEPHO HETPEPLIBHO.

dagaua 12.2. Tllycts X CR"u Y CR™”  orpanmdennbie MHOKECTBA, I
f: X =Y romeomopduam. ITokazaTs, 9To romeoMoppuam f mpogoaxa-
eTca 10 TOMeOMOD(UIMA 3AMEIKAHEN X U Y, eCIH I TOIBKO eCIn 0To6pa-
wemna f: X =Y u f7': Y = X paBHOMEDHO HEIDPEepPLIBHEL

3agatua 12.3. JokazaTh, ITO HEMPEePHLIBHAT BEIIECTBEHHO3ZHATHAA (PYHK-
[N Ha CBA3ZHOM MHOXKECTBE TPUHUMAET BCE TPOMEXKYTOYHBIE 3HATEHU.

3agata 12.4. Cxaxem, 110 MHOKeCTBO X C R” 10Ka0.46HO c6A3HO 8 C8O-
eM 3amMpIRanul X , eCIn Y KAXKJOH TOUKE ¢ € X CYIIECTBYET CKOIb YLUOLHO
Magaf okpecTHOCTs [/ C R™ makasd, auto U N X mHenmycTo u cBazmo. [loka-
3aTh, 9T0 ecan X JIOKAIBHO CBAZHO B X, TO Kaxgas cdepa JOCTATOTHO
MAJIOTO0 PASUYCA ¢ MEHTPOM B TOYKE ¢ MePeceKaeT MHOXKECTBO X .

3agaua 12.5. Hycers f: X =Y romeomopduam, a; € X, lima; —a € X
u lim f(a;) =b €Y. Ecam Y 1oxamreHo cBa3uo B Y, To gas mio6oro € > ()
mangeTca Taxkoe & > (), yTo Ha Bcaxkon cdepe paguyca dg, 0 < Iy < 4, ¢
IIEHTPOM B TOYKE ¢ CYIIECTBYET TOUKA ¢ € X, I14 KOTOPOU PACCTOAHNE OT
f(e) zo b mennme &.

dagaua 12.6. [Ilycte X u YV  orpammvenubie 061aCTH HA TLIOCKOCTH, T
f: X =Y mupdpeomoppuam. JomycTum, 910

1) X u YV I0KAIBHO CBA3HBEL B CBOUX 3aAMBIKAHUAK;

2) mma Kax 1oft ToUKm @ € X TepecedeHme cymecTByeT Takoe Ro(a) > 0,
aro g moboro R < Rg(a) mepecedenue okpyxuHOCTH Sp paguyca R ¢
IeHTpoM a u ob6aacTu X CBA3HO;
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3) nna xaxgoi Toukm b € Y mepeceduente cymecTryeT Taxoe Ro(b) > 0,
aro gas ao6oro R < Rp(b) mepecedenume okpyxkuHOCTH pagmyca R ¢ meH-
Tpoum b m obracTn Y crA3HO.

Torga ecaun oTobpaxernne f: X — Y He paBHOMEPHO HENPEPLIBHO, TO
cymecTByeT Touxa a € X u umcao > () maxwme, uTo kaxgaa kpusad f(Yg),
rae yrg = Sp N X, 0 < R < Ry, nmeeT qaunay Goabire (3.

Mpyaun gauas 1 noomagn. dyets G C C' 061acTh HA KOMILIEKCHON
mrockocTn, u f: (G = C'  amammTudeckas GyHKINA, 0 THOIICTHAS B 0614~
ctu (7. PukcupyeM cucTeMy TOIAPHBIX KoopauHaT p, f. BeegeMm cregyrommue
0603HAYEHNA:

+(p) wpmman || = p. 2 €G

I(p)  pmuma xpuson ¥(p),

L(p) ammuma obpasza f(vy(p)) xpuson v(p) nupu orobpaxkenun f,

S(f(F)) mrmomans obractu f(G).

3agatua 12.7. O6BacHUTL (HOPMYIHI:
— / —
D L= [ oM (2)]ds, e ds = pdo.

2) SN = [ ) o pdodp.

agaqua 12.8. [JoxazaTs HEpABEHCTRBO

! P 2 dﬂ [‘(p)Q.
./M—p, s> B

Ncnonsaya zagauy 12.7, mokazaTs, 4TO

(mocnegHee HEPABEHCTBO HAZBIBACTCA IPUHIUIOM JINHEL U ILTOMIALN).
agada 12.9. Ucnoas3ysa TpUHINT IAWHBI U ILIOMIALN, TOKA3ATH, UTO
xoHMOPMHOe oTobOpaxenne [: X — Y orpaHntdeHHBIX 061aCTeN HA TLIOCKO-
CTH, YIOBIETBOPAIONINX VCIOBIAM 3agadu 12.6, paBHOMEDHO HEPEPBIBHO.
Ro 5% dp
— =00
27p
dagaaa 12.10. Ucnonb3ya mpegbiayIime 3agadvn, JOKA3ATh, ITO KOH-

Yrkazanue. /
Jo

dopmuoe oTobpaxkenne f: X — Y orpaHmdeHHBIX 00JaCTeN HA TLIOCKOCTIH,
VIOBIETBOPAIOIMINX YCIOBUAM 3agasu 12.6, mpogomxaeTcs 10 UX TPAHMTIL.

Krazukoudopmusre orobpaxenud. Judpdeomoppusm [ obractun Ha
IIOCKOCTH B OPYTYIO O0GIACTEL HA3BIBAETCA KEAZUKOHGOPpMHbIM ¢ KO>DOU-
OUeHTOM KBazukoHGopMHOCTH k, ecin axkobuan df orobpaxenus f yio-
BIETBOPAET CICAYIONIEMY YCIOBUIO:

o [[d ()| <k min [ld(x)].

=1 #ll=1
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Bygem mcnoab3zoBaTh 0603HAMEHNd, BBEeJeHHBIe Tepes 3agaden 12.7, mas
KBa3zNKOHPOPMHOTO 0TOOpaxennd f.
3agaua 12.11. Illycte f  xBasukoHGOPMHOE O0TOOpaxkeHme ¢ KOdP HU-
IMEeHTOM KBazukoHpopMHOcTH k. BBemem craegyrolme oGo3HadMeHNA:
o(z) = min [df ()], C(z) = max [[df ()],
[l7]|=1 [l7]|=1
C(2) € ke(z). ObbacHUTE cregyolmne ¢OOTHOIICHNA:

VIO 2 |y e ©(2) sy rae ds = pde:
(

1
2) S(f(G)) = /Om ~/||Z||:p,z€G' e(2)C(2)pdd dp;

00 12
3 S(G) >k [ S ap.

dagaua 12.12. loxazaTh OpOJOIKAEMOCTb KBA3UKOH(MOPMHOTO Iu(d-

deomMopduUaIMa J0 TPAHUIL O0HJIACTH.

Yrkazanue. Cm. zagaam 12.9 m 12.11.

Oum6ka B yueGuuke Errpadosa.’ CraxeM, 9To Diagkoe oTo6paxeHne
f:U —=V obnagaer ceoiicmeom eduHCmMEEHHOCMAL, €CIN BRITOTHEHO CIeTY-
olllee yCIOBUe: He CYIMIecTBYeT cBazHon nyru I’ ma rpamune O/ obxactu UV
g koropoi lim f(z) cymecrsyer npu Beex 2 € T, mputdenM Bce »Tn mpege-
JIBI PABHHI. o

B yue6uuxe M. A. Esrpadosa cAnamntudeckue dyuxaunm (M.: Hayka,
1968) goxazaHa IPOJOIKAEMOCTE KOHGOPMHOTO 0TOODAKEHHT HUCXOLL U3
Toro, uTo aHammTHIeckne (GyEkmmm f u f~! 06IaJa10T CBOHCTROM eIUH-
CTBEHHOCTT.

3agaua 12.13. 1) IIpusectu npumep gudpdeomopdusma f: UV — V mako-
ro,aro f u f~' 061a1a50T CBOMCTBOM € IMHCTBEHHOCTH, HO 0TOGpaKeHe |
He TPOJOMKAECTCA 0O TPAHUIL O6IACTH.

2) YxaszaTb KOHKDeTHYIO OIIIOKY Ha ¢. 378 3TOT0 yaIeOGHUKA.

13. PuMaHOBHLI IOBEPXHOCTH AaHAIUTHYCCKHUX (PYHKIIMH

PocTox f, amarutudeckon GpyHEKIUN B Touke a chepsl Pumana C  »To
(o)
3] _ k 3]
pag Temwnopa f, = 3. cx(z — ag)® ¢ meHTpoM B ToOUKe @, CXOLALIANCH
k=1
B HEKOTODOM OTKDBITOM KDyTe ¢ LeHTDOM B ToOUke a (ecIm a = 0O, TO

(o)
1
fa= > epu¥, rae u= —, u pag cxoguresa npu |u| < R).
k=0 z

"Kunra Errpadora, mo-MoeMy,  OIWH W3 CAMKX JTyHITHX yIeGHITKOR 1O KOMTLIEKC
nomy anaanzy. Omubka, o KOTOpol nmolgeT peyh B 3agade 12.13, Teno KUTeNCKoe;
COBCTRBEHHO TOBOPA, A HATKHYJCA Ha HEe TTOTOMY, 9TO NCToAh3oBal KHUTy Errpadora
TPU MOATOTORKE Kypca JeKIN.
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Mycte T =1[0,1],v: T = C wmenpepriBHa® kpuBad Ha cepe Pumana ¢
HadAIOM B Touke a, T.e. ¥(0) = a. Anasumuveckun npodoadicenuen poct-
xa f,; BOOABL KPUBOU 7 HABLIBAETCH OTOOPaAKeHNe, COMOCTABIAOIIEE KAK JOT
Touke 1o € [0, 1] amanuTuaeckunn poctox f, B Touke b = (1) Taxum o6pa-
soM, aTo maa Beakoro t € [0, 1] cymecTsytor Takme okxpectrHocTh [/ C C
Touku (1), okpectHocts V' C [0,1] Touku 1 u amamnTudeckan QyHKIHA
f: U — C Bob6ractu U, 910 g1a Bcakon TOUKN b € V aHATUTUYIECKUN POC-
Tok fy) ATO pocTox B Touke y(b) € U/ dbyukiun f.

3agaqa 13.1. Tna xpusou v: T — C, v(0) = a, u pocrka f, cymecrsyer
He Goee OHOTO AHATUTHICCKOTO TTPOJOTKEHNA.

3agaua 13.2. [lycte pocTox f, AHATUTHYECKN TPOTOMKAETCA BIOTH
kpusout y: I — C, 4(0) = a, ¥(1) =b, u f,  pOCTOK, HOIyIeHHEHIN
IpH HTOM TPOJOMKeHun. Torga CyIIeCTBYeT KOHEYHAad IENOYKa TOYeK
0=ty <ty <...<t, =1, 114 KOTOPOU PAI fv(h) cxoauTed B ToIke ¥ (4i41),
mpuaem pag fy,y 2To pag Tefitopa B Touxe v(t;) moryueHHON aHATHTI-
qecKon HyHKIINN.

3agada 13.3 (Teopema o MorOgpOMEUR). PACCMOTPIM HeNpePEIBHOE OTO-
Gpaxenne F egmamamOoTo KBagpaTa 2 ¢ xoopgmHaTamu wu,v, 0 < u < 1,
0 < v <1, B C rakoe, uro xkaxgad kpusaga F,,: [ — C, rge F,(u) = F(u,v),
HAYNHAETCA B TOUKe ¢ U KOHYIaeTcd B Touke b, T.e. F(v,0) =au F(v,1) = b.
MycTe gas kaxgon kpuBon F, POCTOK f, aHAIUTHYECKW TPOJAOIKAETCA
BJOIL »TON KPUBOHW. Torga pe3yinTaT AHATUTHIECKOTO MPONOIKEHUT IO
Toukn # = 1 He 3aBucUT OT BHIGOpaA KpuBon F,,, rge 0 < v < 1.

Yrazanue. Eciu #eMHOTNO U3AMEHUTEL KPUBYIO B MAIOH OKPECTHOCTH JEO-
601 U3 ee TOYEK, TO PEIYIBTAT AHAIUTUIECKOTO TPOAOIKEHUA HE M3IME-
HUTCA.

Omnpegenenue. [[Ba aHAIUTHYECKUX DOCTKA [, U ¢p, 3aJaHHLIE B TOY-
xax a U b chepul PuMana, HABBIBAIOTCH 2KE6USAACHMHBLMU, €CITT CYIIECTRY-
er Takad kpusad v: | — C, v(0) = a, ¥(1) = b, aT0 pocTok g, pesyabTAT
MPOJONKEHUA POCTKA f,; BIOMbL KPUBOW ~.

3agaua 13.4. Quucannbie BLIIE COOTHONIEHNE JeHCTBUTETLHO ABIAIOTCA
COOTHOITIEHTEM HKBUBATCHTHOCTH, T. €.

1) .fa ~ .fa;

2) ecmu fo ~ gy, TO gy~ fas

3) ecan .fa ~gp I gp ~ Pc, TO .fa ~ Pe-

Omnpegenenue. Kak MHOXKECTBO TOYEK PUMAHOSA NOBEPTHOCMD POCM-
ka f,  PTO COBOKYMHOCTL BCEX POCTKOB (p, SKBUBAJCHTHBIX POCTKY f;.

Ha pumanoBon mosepxuocTu R paga f onpegeneHbl 1Ba eCTeCTBEHHBIX
OTOOpaXKeHM:

1) npoexyus m: R — C, comocraBafiomas KaxkJIOMy DOCTKY TOUKY, B
OKPECTHOCTH KOTOPOHU ATOT POCTOK OMpeJeeH;
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2) gynryusg f: R — C, conocTaBIIIOMAL KAXK JOMY DOCTKY €ro 3HAIeHIe
B TOYKe, B OKPECTHOCTH KOTOPOU OH OTPeeNeH.

Tonoaoeus Ha R onpenenseTcda Kak HauMeHee TOHKAST TOTOJOTHA, B KO-
Topon npoeknua 7: R — C mempeprisua.

3agatua 13.5. Oro6paxenne m: R — C aBageTcs T0KATEHBEIM TOMEOMOD-
GuIMOM, T.e. ¥ KaXKIOU TOUYKN p € R CyMIeCTBYET Takad OKPECTHOCTH {/,
9TO orpaHutenue T Ha [/  ToMeoMOpQU3IM Ha CBOU 06Pa3.

3agatua 13.6. Kaxgaa Touka a € C umeeT He 6omee deM CIeTHOE THUCIO
npoo6pazos mpu orobpaxennn w: R — C.

Omnpegenenne. @yukmua g: R — C mHaznBaeTca anaiumuueckoti, ecan
oA kaxgon obmactu I/ C R, ana xoropon mpoeknus 7: [/ — C asaaerca
romeoMopdusmoM, GyHKIuT ¢ B obractu V = m(U), onpejgenenHas paBeH-
CTBOM p = g 0 7~ |, ABIAETCE AHATHTHYCCKOMN.

Amnanoruvuo onpegengeTca MepoMopdHad GYHKINA Ha .

Amre6poupurte poctku. CKaxeM, ITO POCTOK f, AHATUTHYIECKOH QYHK-
W B CBA3HON okpecTHOCTH [/ Touxu a, p € U \ a, aszebpouden, ecan

1) pocTox f, AHAINTHYECKH NPOSOLKACTCA BIOIL TOGOH KPHUBOM
vy T = U\ a, y(0) =p;

2) CyLIeCTBYeT ANIIL KOHETHOE IUCIO k DOCTKOB ¢, B TOYKE P, MOLY-
HAIIIIXCE AHATNTHYCCKIM TPOJOTKEHIeM DOCTKA f, BIOIb 3AMKHYTON
kpupoit v: [ — U\ a, y(0) = p, ¥(1) = p;

3) cyLWeCTBYIOT TaKue HATYDAIbHOe 9010 N U BElIeCTBEHHAS KOHCTAH-
Ta (J, 9T0 419 BCAKOTO POCTKA ¢,, TOIYIEHHOTO U3 f, IPH IPOJOMKEHUN
BJOIB HekoTopoil kpuson v: I — U \ a, ¥(0) = p, v(1) = ¢, cupasegmuso
OHO T3 HEPABEHCTB

l94(a)] C|(J*f1|7N, ecmm a # oo,

l94(a)]

3agaua 13.7. Pocrok f, GyHxnunm mepemensonl z amreGpomnger B U \ a

NN

ClgV, ecIn a = oo.

€CcIn U TOMBKO ecan fp, = ¢p(u), 7de ¢ MepoMopdHAad GYHKINA TepeMeH-
HOM u B okpecTHOCTH 0 1 2 — @ = u* mpm a # co mmn 1)z = u® mpn a = oo
(mepeMeHHAT  OIpeJeseHA HTHMI PABEHCTBAMI OJHOZHAYHO ¢ TOTYHOCTBIO
40 YMHOXeHUd Ha J060d u3 KopHell k-1 cremenm m3 1). Tax xax Mepo-

MopbHas GyHKIUL ¢ packIagsBaeTcd B pag Jopara g(u) = > e,u’,
mz2—M
arrebponnHaa QyHKIUA [ packiagbiBaeTca B pad Thousé:

f(z)= Z (:m(z—n,)m/k7 ecmm a # co, uan

mz2—M

flz) = Z CmZm/k, ecIn a = 0o.

m<M
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HMokaxuTe chopMyrupoBanHbie yTBepk AeHusd. Eciu B pagax [Tousé, manu-
CAHHBIX BBIIIE, KAXK LI 13 KOXPPUIUEHTOB ), 3aMEeHUTEL HA KO PuImenT
em = &, Tae £ (PUKCUPOBAHHBIA KOpPeHBL k- CTENeHU U3 eJUHUIILI,
TO MOAYYIAIOTCH HOBEIE DAL [[I0U3E, KOTOPEIE CIUTAIOTCA 2KEUEAACHIMHDI-
Mu ucxoqubiM. Kax cBazambl MeXK Iy OG0 MHOTO3HAYHBIE AHATUTHICCKIE
dbymxumn B U \ a, ompenenseMele SKBUBATEHTHEIMEI pAgaMu [Tonzé?

Ompepenenne. IToanas pumanosa nosepruocms pocmra f, (Kak MHO-
KeCTBO TOUEK)  HTO COBOKYIHOCTH Beex paAgos Teimopa n pagos IHouaé,
KOTODBIE TIOAYIAITCA AHAIATHIECKIM PO JOMIKEHTEM 13 UCXOJHOTO POCT-
ka f, (Ipu »TOM camTaeTCs, ITO SKBUBALCHTHEIE DAL [TI0M36 3aJa10T 01-
HY U Ty e TOYKY HOJHON PUMAHOBON MOBEPXHOCTE pocTKa f,). Ha monnon
AHATUTUYECKON TOBEPXHOCTH K ompegenenbl ABa oTo6Gpaxenns: m: K — C
n f: R— C (oHn ompegelfioTca Tak ke, KAK ATO IeIATOCH I DIMAHO-
BOU MOBEPXHOCTHU pocTKa f,. Tonosoeus B R ompegenseTca kak HanMeHee
TOHKAA TOMOJOTUA (T.e. TONOJOTHI, COAePKAIIAL HAUMEHBIINH KIACC OT-
KDBITEIX MHOKECTB), B KOTOPOU MPOEKIUA T HeNPEPRIBHA. AHaiumuueckan
PyHryuAs B OKPECTHOCTH TOYKH, COOTBETCTBYMOIIEN paay Iliomzé,  »To
aHamnTHYeckad GYHKIUA OT mapaMeTpa u (cM. 3agady 13.7).

CkaxeM, ITO aHAIUTUYECKUN POCTOK [, B Touke a cdeprl Pumana C
ABIACTCA POCMKOM aqzebpanveckotl dynkyuu (Wim aseebpauneckum pocms-
KOM), eCIn

1) cymecrByeT koHeuHOe mogmuHOKecTBO A C C, a ¢ A Takoe, 9TO po-
CTOK f, AHATUTHYECKN MPOAOMKAETCA BAOIEL d0601 kpuson v: | — C\ A,
v(0) = a, He mepecekaomel MHOXKeCTBa A;

2) cylecTBYeT MUIILE KOHETHOE MHOXKECTBO POCTKOB [, ..., fa,, KOTO-
PEIe MOTYT OBITE TOIY9€Hbl AHATUTUIECKUM PO A0IKEHTEM B0 3aMKHY -
Trix kpuBkix y: | — C\ A, v(0) =~(1) = a;

3) ana xkaxk ol ToIKE b € A CyIIecTBYIOT Takue OKPeCTHOCTE [/, HATY-
panbHOe yncIo N U BelllecTBeHHAS KOHCTAaHTA (), 9T0 KAXKIBIH POCTOK (g,
q € Up, PKBUBATEHTHBIN POCTKY f,, YAOBIETBOPAET OTHOMY U3 HEPABEHCTB

lgq() < Clg— b|~N, ecmm b+ oo, mm
l9q(0)] < Clgl™, ecrn b= oo.

3agaua 13.8. TlokazaTs, 9T0 BCAKNHA aarebpandecKui POCTOK f, yIO-
BIETBOPAET HEKOTOPOMY AATeOPANTIeCKOMY YPABHEHIIO

fEA Ri(2) i 4+ Ru(z) =0,

B koTopoM R;(z) panmoHambHBle QyHKINN.
Yrazanue. PaccMoTpeTs cuMmMeTpudeckrne (GYHKIUN 01, . . ., 0 OT POCT-
KOB fa,,- .., fap, DKBUBATEHTHEIX DOCTKY [, B Touxke a (o1 =Y. fa,,
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09 = 3 fa,fa, m 7. 10.). TIpOBepUTH, 9T0 GYHKIUE 1, ..., 0% DAITOHATL-
P>
HBI, ICTOAB3YHA 3a0a49y 8.4.

3agaua 13.9. Tlormas puMaHOBA MOBEPXHOCTL AATE6HPAMIECKOTO POCT-
xa f, KoMmTakTHA.

Yrkazanue. YTo6B U3 MOCIETOBATETLHOCTH TOYEK b1, ...,b,, ... HA R
BBIOPATH CXOAANIVIOCT TOATOCIEI0BATEILHOCTD, HYKHO BEIGPATE CXOIAIIY-
0CA TOATNOCIeJ0BATEIBLHOCTE 13 Todek 7(b;) € C u BocmoaszoBaThea TeM,
aTo Kaxkgada Touka a € C nMeeT 0JHO U TO XKe KOHETHOE TNCI0 MTPOo6Pa3oB
npu orobpaxkennu 7: R — C (ecin yIuTHIBATE KPATHOCTH).

Omnpegenenne. 1-popma, ompeneneHHads B 06JACTH HA PUMAHOBOU TMO-
BEPXHOCTH [, HAZLIBAETCA AHAAUMUYECKON, €CIU OKOJO KAXKIOW TOYKU
00JIACTH OHA JOKAIBHO OpefcTaBuMa B Buge f(z)dz, rge z  moxambHBIN
napaMmeTp Ha Ru f(z) amamnTudeckan GyHkmus.

3agatua 13.10. llycts /' xoMmaxTHaA 061aCTh HA R ¢ TIaIKOU TPAHU-

meni AU mw  amamuTuveckaa dpopma B obaactu /. Torga /8U w=10.

Omnpegenenne. Ilycts (opMa w aHATUTHYHA B MAAOU TPOKOJIOTON
OKPECTHOCTH TOYKU ¢ HA PUMAHOBOU momepxmoctu R u U  rpamuma
MAaIOU OTHOCBA3HON oGaacTu /, comgepkalied TOYKY ¢. TUCIO % L)r]w
HA3RBIBAETCA 8biuemoM (POPMBI W B TOYUKE d. -

3aga4ua 13.11. Beruer onpegenen KOppekTHO, T. €. HE 3ABUCUAT OT BRIGOPA
OKDECTHOCTH TOYKH (.

3agaqa 13.12. [Tycte w  MepomopdHas GopMa (T.e. TOKATBHO HIPeJ-
craBumas B Buge f(z)dz, rge f  mepomopduas Gyukuna). Torga cymma
BBIYETOB (POPMEI W TIO BCEM ee 0COOBIM TOYKaM paBHA ().

3agaqa 13.13. 1) Jna Bcaxon mepomopduon dyakuun f: R — C ma
KOMIAKTHON PUMAHOBON MOBEPXHOCTH €€ YNCI0 TOMICOB P, MOCINTAHHBIX
¢ YyUIeTOM KPATHOCTHU, PaBHO dmcay N ee HyJIeW, TOCINTAHHBIX ¢ YIeTOM
kpaTHOCTH, T.e. P = N.

2) IIycte N(a) MDOCIATAHHOE ¢ YIETOM KPDATHOCTH KOATIECTBO TOUEK,
B KOTODEIX MepoMopdHad GpyHKIua pasHa a. Torga N(a) = P u He 3aBucut
OT BBIOOPA TOUKI 4.

Yrazanue. Cm. zagauy 9.5.

Sagaua 13.14. Tlycte 7: R — C  mepomopdHOoe 0TOOpaKeHme KOM-
TAKTHON PUMAHOBOU ToBepxHocTH B chepy Pumana. Torga MHOKECTBO
Touek a € C, cpegm mpoo6GpazoB KOTOPHIX €CTh KPATHBIE, ABIAETCA
KOHEYHBIM.

3agada 13.15. IlycTs moanad puMaHOBA TOBEPXHOCTH 7: R — 7 GyHK-
mnu f kommnakTHa. Torga ¢pyuknua f arreGpan<iua.

Yrkazanue. Cm. 3agaum 3.8 u 3.14.
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14. Tlpunmun cummeTpuu Pumana—Illsapua. Teopema ITukapa

3agada 14.1 (Teopema 06 yCTPAHHMOCTH 0COGEHHOCTEH BIOIb AUHNN).
TMyctes /' o6macTs Ha maockocTn, ul C [/ Taagkad KpuBasd B 3TOU o61a-
cTH, KOTopad pa3zbuBaeT ee Ha aABe obaactu Uy u s, TpaHmuaIIle IpyT ¢
apyrom mo kpuson /. IIyets f: I/ — C  wempepoiBHas GyHKOUA B 0618~
ctu {J, orpanntdenns KoTopon Ha mogo6aactu /1 u [Jy aHATUTUYHB B STUX
obnactax. Torga f amannTu<wua B .

Yrazanue. BocmonbzoBaThea naTerpaabron popmynon Ko gaa obaa-
cren U/ u /5. TlokazaTh, 9TO cyMMa ABYX TOIYUEHHBIX HHTETPAIOB 34 1aeT
WHTerpatbHOe npeacTasienne Gyuxnun [ B obaactu [ \ I. YéeauThesa, aTo
ATO UHTErpagbHOe TPEeICTABICHNE MTPOLOTKACTCI Ha BCIO 061acTh {/ 1 co-
BHagaeT ¢ uETerpaabron dpopmyaon Komm gra pyuxknun f B obxactu .

3agaqa 14.2 (mpuanun cummerpun Pumana Isapua). Iyers U un G
obnacTn Ha maockocTu. Ilycts rpamuma obaactu [/ comepxut ayry [y
OKPYXHOCTH S7, a TpaHuia o6aactu (7 cOgepKUT AYTY [ OKPYKHOCTH So.
0O603HaUM Yepe3 T U Ty 0TOOPAKEHNA THBEPCUN OTHOCUTETBHO OKPYIKHO-
crenn S u Sy. Iycrs 06pas 7 (U) obaactu U npn uHBepcun 7 He Mepeceka-
eTca ¢ obaacteio /. [lomycTuM, 9TO CYIIECTBYET AHAIUTHYTECKOE 0TOGDA-
xeume f: U — (7, KOTOpOe HEMPEPHIBHO TTPOAOIKAETCA HA AYTY [q, IPUIeM
f(l1) Cls. Torga amamutudeckoe orobpaxkenue f: [/ — (7 aHATUTHYeCKN
TpoJoIKAeTCT 10 oToOpaxeHus F': U— é, e U=UUmr (YUl n G=
=G U (GF) Uls, onpegerennoro Ha obaactu 7 (U) cregyiomen Gpopmy.ton:

F(z)=m o fom(z).

Yrkazanue. BocmoabzoBaTheda TpegbiayIIen 3agatdell 1 KOH(MOPMHOCTHIO
WHBEPCUU.

3ameqanne. Eciu o6xactu U u 7 (U) mepecexkatorcs, To dyuknus f
aHaInTHYecKH Tpogomkaerca B 7y (U), Ho Gyukuua F Ha obaactu U Gyger,
BOOGIIE TOBOPA, MHOT O3HAYHOM.

3agata 14.3. [lycts (7 MHOTOYTOABHUK HA MIOCKOCTH, CTOPOHBI KOTO-
poro  ayrum okpyxkHocTen. Torga mo Teopeme Pumana cylecTByeT B3a-
UMHO OJHO3HATHOE aHAInTuIeckoe otobpaxenne f: I — G, rae I1  Bepx-
HAA TOAYTLIOCKOCTE Im z > (). TTo Teopeme 0 MpoAOIKAEMOCTH 10 TPAHUIILI
oTo6Gpaxenne [ HEMPEPBLIBHO MPOJOIKACTCA HA OCh BEIIECTBEHHBIX HUCET,
TOTIOMHEHHYI0 TOYKON 0O, TTPUTEM MOAYIeHHOe 0TOOPAKeHe BeIeCTBeHHON
TMPOEKTUBHON TPAMON Ha MpaHully (7 MHONOYToabHUKA (7 SBIAETCA TOMEO-
mopdummom. Obosraunm qepes A, ..., Al mpoobpaissl mocIegoBATEIBHBIX
BepmmH Aq, ..., A, MHOrOyrOIBHUKA (7.

1) JokazaTs, 9To oTo6paxkeHne [ HEIPEPBIBHO MPOOLKAETCH B HIK-
HIOIO TIOMYTLIOCKOCT BIOMH TOGOTO nHTepBata Aj, A, | BelllecTBeHHOH ocH
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(0fUH U3 >TUX UHTEPBAIOB COAEPKUT 0O). ITO 03HATALT, ITO CYLIECTBYET
yuxnua F: J - C, rge U 5To 06bequHenne BepxHen TOAyIIocKocTH 11,
HmKHeD morymiockoern 11 (2 € T1, ecim Im 2 < ) u naTeprata Al Al

2) Yro coboit mpegcTaBIgeT 06PA3 HUKHEH TOTYILIOCKOCTH 11 mpu 0To-
opaxenun F'7

3) doxaszaTs, 9TO pOCTOK f, oToGpaxenus [ B Touke a € II anamnTu-
YeCKH IPOJOIKAeTC BAOML Mo6oi kpusoir v: I — €, v(0) = a, e mpoxo-
namen aepes Toukm A}, ... Al

3agaua 14.4. TlycTe B yeaoBuAxX TpeIslAyIinen 3agadn (7 TPeyroJbHUK
C HY/IEeBLIMU YTMAMU, BIUCAHHBLIA B €JUHUYHYI OKDYKHOCTbL U WMEIOIINN
Bepmmabl A7, Ay, A3. Cuenas, ecin HYyXKHO, BEIIECTBEHHOE IPOOHO-TUHEN-
az +b
cz+d’
AL =0, AL, =1, AL = co. PaccMOTPpUM MHOTO3HAYHYI0 AHAIUTHIECKYIO

dyrxmmio x: C\ {0,1} = C, moryvernyo aHATUTUYECKIM PO IOTKEHT-

em dymxmun f: I — (. JoxasaTs, 9T0 GYHKINA Y| OOpEJEICHA I TOI0-

HOoe mpeoOpazoBaHUe 1 = rae a,b,c,d, €ER, MOXKHO cINTATDL, TTO

MOp(HA B OTKPEITOM €JUHIYHOM KpyTe (M, CTAIO0 GBITh, 9TO BCe 3HAYMCHHL
MHOTO3HAYHON QYHKIUK Y [0 MOJY.IH0 He IPEBOCXOLAT €JUHNULEL).

Yrazanue. Tlycts (7 TpeyroasHUK, NOTYIeHHBIN WHBEPCHEH Tpe-
yroasHuKa (7 OTHOCHTeTbHO ofHOH u3 ero ctopoH. Torga (' Toxe Bnm-
CAH B eJUHUYHYIO OKPYKHOCTh. Tpeyroanunk (7 CHOBa MOXKHO WHBEPCHOH-
HO OTPAa3UTh B OJHON M3 ero cTopoH. lHoryunTca Tpeyroabuk (7, Toxe
BONCAHHBIN B €JUHUTHYI0 OKPYXKHOCTBL. [LOBTOPAA 3Ty MpOIEIyPYy, MOXK-
HO TOJYYIUTH (TapKeT), 3aMOIIAOMNT BHYTPEHHOCTE IUHUTHOTO KPyra u
COCTOAIINN W3 TPEYTOJLHUKOB, MOIYIEHHLIX U3 (7 MOCIEI0BATEILHBIMI WH-
BEPCUAMI.

Sagatua 14.5. AuamnTudeckaa (QYHKINA, oNpeJeqeHHAS HA BCEH KOM-
TLIEKCHOU TLIOCKOCTH, HA3LIBaeTca tedoti Ppyuxnmen. [lokazaTh, 9TO BCA-
xaa neraa Gpyukmua ¢: C — C, He mpuHUMAaONIAT 3HATEHNE ¢, TMeET B
g=¢el +a,rge f wenas Qpymxma.

Yrazanue. PaceMoTpeTs ogHO3HAUHY0 BeTBb pyHKIun In(g(z) — a) Ha
KOMILTEKCHOI IIocKocTH. (ToteMy Takasd 0 JHO3HAYHAL BTBb CYILIECTBYET?)

3agaua 14.6 (Teopema IMTuxapa). Beakaa nenas dyuxuua g: C — C, me
TPUHUMAOIIAA IBYX 3HATEHUN ¢ W b, ABIIeTCA KOHCTAHTOMN.

Yrazanue. llyers ¥ dyuking n3 zagaun 14.4. Torga MHOTO3HAYHAS

z a o o o
dyuKINT X(b—) IpoJOIKAETCA BIOTL TI060U KPUBOH, He IPOXOAANIIEN

depe3 @ mW b, W Bce ee 3HAYEHUA He MPEBOCXOLAT TO MOAYTIO €JUMHUIL.
PaccMoTpeTs OJHO3HAYHYIO BETBL HA KOMILIEKCHOW TLIOCKOCTU (DYHKIINT

g(z) —a
X

a
b ) (Tlowemy Takas OJHOZHAYHAL BeTBB cylecTByeT?) Bocmoas-
— a

30BATHLCA TeopeMon JImyBumis.
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JOITOJTHEHHUE 1

15. Tapmoundeckue GyHKIIMH MHOTMX TIePEMEHHBIX

Omneparop Jlamtaca A 8 R”  »>T0 auddepeHnnarbHBIl 0OmepaTop

5° 5°

A= —+ ... .
(')m% + dr2

3agaua 15.1. Tna Beakon dyukmnm f kaacca 2 B obaactu {J C R” copa-
BEIIUBO TOXKIECTBO

Af =divgrad F.

Oupegernm onepaTop yepenaernd Mid(R, a). Ilycts Sp o, 1 Bra  che-
pa u map paguyca R ¢ meETpoM B Touke a € R”. [[11 BCAKON HEMPEPHIB-
Hom dyuxmuu f B ofaacTu, cogepxaiien cdepy Sg o, OOpeJeINM HHCIO
Mid(R, a) f xak cpennee 3Hadenue pysxkunn [ 0o chepe Spq, T.€.

) 1
Mid(R,a)f = V(Sh.a) /q I

rge €@ ¢dopma (n — 1)-mepHOro o6bema Ha chepe Spa, V(Sr.a)
(n — 1)-MepHBIT 06BeM cdepsl Sg 4.

3agaua 15.2. [na seaxon dpyukmun f xiacca 2 B o6nactu U, cogepixa-
mett map Bgr, , paguyca [y ¢ IeETpoM B Touke a, mpu [2 < Ry cmpaBeImBo
TOX AECTBO

1

—_— Afdey AL . Ade,.
VSna) Jp,, ST

d ...
ﬁlV[ld(R,7 (I)f =
Viazanue. Tyers a = (. PacTaxennem 8 R~ pa3 uaTerpart mo chepe
SR,0 CBOOUTCA K HHTETPALY o (GUKCHPOBAHHON cdepe S o:

Mid(R, 0)f = m /q F(Rz).

MosTomy %Mid(R7 0) ! /‘.7 (i, grad f(R,2))Q, rge 1 egunmT-

f B V(S‘]v()) 1S4
HAd HOPMATb K eJUHUYHOH cdepe B Touke r. lIpeobpazoBaTh TMoCIeIHIH
uETerpas, ucnoabayda gopmyry CTokca.

3agaua 15.3. ycts f  dyuxnna kracca C? B o6ractu /. Torga:

1) ecin B obaactn U Beinoaseno HepaseHcTBo A f > 0, o Mid(R, a)f >
> fla);

2) ecan B o6mactu U BumoaHeHo HepaBeHcTBo A f < 0, To Mid(R, a) f <

< fla);
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3) ecan B o6macTu U BeimonseHo Toxgectso Af =0, To Mid(R, a)f =
~ f(a).

(B 3agade mpeamonaraeTcd, 9To o61acTs [/ cogepxut map Br, paju-
yca R ¢ LeHTpOM B TOUKe a.)

Ompegenenne 1 (knaccnaeckoe onpegeneHne TAPMOHITECKON QYHKINN).
Dyurmua [ xracca O? B ob1acTn [ HAZBIBACTCE 2apMOHUNECKOT B ATOH
061aCTH, €CIU CIPABEINBO TOXK IECTBO

Af=0.
3agada 15.4. O6o3natuM depez r(2) pACCTOAHIE OT TOUKH & € R? 10

o
r(z)

dyuxmresr 8 R3\ 0 1 9To TpagmenT >TOH (QYHKINT MO IIMHE PARCH

ABIAECTCH Fa,pMOHH‘IeCKOIZ
1

r?(x)
u "HampaBaeH oT ToIkn ().
3ameqanme. CorracHO 3aKOHY BCEMUPHOTO TATOTEHUA CIIA TPABUTAIN-

rouku (. IIposeputs, ato Gyuknua f(x) =

OHHOT'O IPUTHAXKEHUT K Macce, pa,CHO.HO)KeHHOﬁ B TOYKe 0, ITPOMOPIUOHAIB-

1
Ha CpajueHTy QYHKOUN —— (KOA(@UITEHT IPONOPUIUOHATILHOCTH 3aBH-
rvw

CUT OT Ma,ccm). Tlo zagave 15.4 moTeHIMAN CUABI TPUTIKEHNA K MACCUB-
HOU TOYKe, & 3HAYAT, U K JIOOOU CUCTEMe TOYEK, ABIAeTCA TAPMOHTIECKON
dyHKIIMEen BHe 06AACTH, COAepKAIIEN DTU TOYKNA. AHAIOTUIHOE BEPHO U
OAA CIT 3AEKTPUIeCKOTO MPUTAKEHNA. DTO OJHA U3 TPUINH, 0 KOTOPBIM
TapMOHUYIeCKTEe PYHKINN UTPAIOT CTOIL (PYHIAMEHTAILHYIO POIb B MATE-
MATHYIeCKON (hU3UKeE.

Ompepenenne 2 (MHTerpaIbHOE ONpeJeleHe PFADMOHIYECKOR (QDYHKINN ).
Hempepwisaaa pyukmua f B o6aactu [J HA3BIBAETCA 2apMoHuueCKoll B 06Ia-
ctu [/, ecn gad BeAKON TOUKHM a u mapa Bg, Takux, uto Bg, C U, BH-
TOIHAETCH PABEHCTBO

Mid(Rv (I)f = f(”)

Tpusegenm emmie oqHO GIM3KOE OMpeEeICHIIE.

Hemnpepwisras gyuxnusa f B o6aacTu [/ HazBIBaeTCa cybaapmoHuyecroti
B obracTu U/, ecin ga4 BCAKOH TOYKE a U mapa Bpr , Taxux, uto Bg , C U,
BBLITIOMHAETCA HEPABEHCTBO

Mid(R, ) > f(a).

3agaqa 15.5. 1) Ecau k onpegeneHnto 2 qo6aBUTh TPeGOBAHNE [MIAJKO-
ctu f, f € C?, 1o oupegenennd 1 u 2 cTAHYT AKBHBAICHTHLIMI.

2) ®yuxmma f waacca O gBageTca cyGrapMOHUTIECKOT, €CIH W TOIBKO
ecan BRITOMHSeTCH HepaBeHcTBO Af > (.

Yrkazanue. Cum. 3agaay 15.3.
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[na caegyrolien 3a a4 HaM TOHA 70O6uTCA o6o6mennan popmyaa CTox-
ca B BexkToOpHOU (opme. PaccMoTpum B mpocTpancTBe R” cTaHgapTHOE
CKaIfIpHOe TpOoM3BedeHHe. B 3TOM cIydae 00GOOIIEHHBII BADHAHT (Tak Ke
KAK U KIaccudeckudl BapuadT) dopmyasl CTokca JODycKaeT BeKTODHYIO
TpakToBKY. [IpuBegem ee.

O6o6mennaa dopmyaa Crokca B BekTOpHOM BHie. [Tyemsv U xom-
naxkmuas obaacmp ¢ 2aadrott epanuyett U & npocmpancmese R™, nycms

V=(P,...,P) eexkmopHoe node, koadduyuenmsr P; komopozo ume-
om Juddepenyuaant 6 zamvranuu obaacmu U u dusepeenyus Komopo-
. P, .
20 divV = Fy + HENPEPBIBHA 6 3amblkanul 2moti obaacmau.
EA Tn,

Toeda nomox /m]<‘/7 d%> GEKMOPHOZO NOAL uepes 2panuyy obaacmu (3dech
H. P
dS  sexmop, opmozonaavnbiii epanuye AU obaacmu U, wanpasaenmwiii

napyscy u pasneiti no daune (n — 1)-mepromy obvemy paccmampusaemo-
20 Maao20 saemenma AS e2panuybt amoti obaacmu) pasen unmezpaay ee

dusepaenyuu /U divVde, AL . Ade,.

O6o6mennaa popmyna CTokca B BEKTOPHOM BUE He HYXKIACTCH B OT-
JeTBHOM NOKA3ATeTbCTBE, MOCKOIBKY OHA ABAAETCA TMepedOopMy.IupOBKON
o6o6mennonn Gopmyant Crokca (em. pazgen «06 o606menHON dopMmy.Te
Croxca. ..» IpegncIoBum).

Ompepenenne 3 (onpegenenne rapMoHndeckon Gyukuuu B gyxe Iypea).
dyuxuna f xracca (' B obractu [J C R™ HALIBAETCA 2apMoHuueckoli B
obaactu U/, ecin

1) dysxnua [ B Kax 0N TOUKe UMeeT BTOPON AuddepeHnuan (ipyruMn
cioBamu, oTobpaxenne grad f: I/ — R” B Kak oW TOYKe MMeeT MePBLIN
auddepenuan);

2) copaBegiuso Toxgectso Af = 0.

3agatua 15.6. Beaxaa QyHKImMA, ABAAIOMAACT TAPMOHTYECKON B CMBICTE
ompegeneHns 3, ABAACTCA TAPMOHUTECKON B MHTETPAILHOM CMBICTE.

Yrkazanue. MoxKHO IelCTBOBATHL, Kak B 3agade 15.5, Ho BMecTo kaaccu-
Teckon popmyasl CTOKCA HYKHO UCTOIB30OBATE €€ 0606IIEHHBIN BAPUAHT.

TapMounveckas GYHKINA B CMBICTE KIACCHTIECKOTO ONPEIEIeHNA, Pa-
AyMeeTcdA, ABIAETCA TAPMOHUYECKOW B CMbIcae ompedeneuus 3. B zamga-
gax 15.7, 15.8 MuI poBepuM, IT0 GYHKIINA, ¥IOBIETBOPAIONIAT THTET PAID-
HOMY OTIpeJeIeHUI0 TAPMOHUYECKON (MPYHKIINN, ABTOMATUYECKU SABIAETCA
raagkon. [losTomy onpegenenus 1, 2 u 3 SKBUBAJCHTHHI.

3agada 15.7. [Iyctes ¢: R” — R maxasa HenpepbiBHAA QYHKINA, 9TO

1) ¢ 3aBUCHT ANIIL OT PACCTOIHUA TOIKH Jo Hyad, T.e. o(x) = g(||#||);

2) ¢ o6pamaeTcd B HYIb BO BCEX LOCTATOYHO YAAJEHHEIX OT HYId TOT-

Kax;
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3) /TRngo(m)dm A ANdx, =1.

Hp'OBepI/ITB, 9T0  ecanm  gad  (QYHKOUW [ BBITOJHEHO TOXKIECTBO
Mid(R,a)f = f(a), To e f(@)p(x — a)de = f(a). (3gecy mpegmoxara-
eTcd, 9To obaacTek [/ cogepxuT mapul Bp,, 0 KOTODHIX HAeT pedh B
HEePBOM TOXKIeCTBe, I HocuTean GyHKOUU ¢(r — a), 0 KOTOPBIX UeT pedb
BO BTODOM TOXJECTBE. )

3agaua 15.8. Ecan gna Gyuknun f cnpasegiuso Toxgectso Mid(R, a) =
= f(a), To pynxnua f raagkas.

Yrazanue. BocmoabzoBaThea TOXKASCTBOM U3 3agadn 15.7 gaa riagxon
dyuxnun (2 — a).

3agaqa 15.9. 1) [Txa rapMoHmdeckux (QyHKIUN COPABEJINB MPUHINI
MAKCUMYMa: eCIU TapMOHIYecKas PYHKINA JOCTUTAET MAKCUMYMAa BO BHY-
TpEHHEN TOYKe CBA3ZHOU o6aacTu {/, To 3Ta GYHKINA TOCTOAHHA.

Yrazanue. Bocmoab3oBaThCA MHTETPATBLHBIM OTIPEIeTeHIeM TaPMOHTIe-
CKOU (PYHKIUNT.

2) Maa cybrapMoHIHYecKUX OYHKIUNT TAKXKe CIPABEIINB IPUHIUI MAK-
CUMYMa: eClu CyOGTapMOHnYIecKad PYHKINA JOCTUTAeT MAKCUMYMa BO BHY-
TpEHHEN TOYKe CBA3ZHOU o6aacTu {/, To 3Ta GYHKINA TOCTOAHHA.

3agatua 15.10. llycrs Gyuxmun fi,..., f,,... B o6adactu [ paBHOMepHO
cxogarca k¥ gyuxnuu f. Torga

1) eciu QpyHxnun f; rapMoHudeckue, To GYHKINA [ TOXKe DADMOHITE-
cxaa B U}

2) ectu ¢yuxmuu f; cybrapMoHmdeckue, To GyHkOua [ Toxe cybrap-
MoHUYeckada B U/.

Yrazanue. Bocmoab3oBaThCA MHTETPATBLHBIM OTIPEIeTeHIeM TaPMOHTIe-
CKOU (PYHKIUNT.

MycTe ma rpanune U/ orparudennon obaactu [/ 3agaHa BelllecTBEHHAL
menpepuiBHad GyEknud h: U — R. Jadaua Jupurse cocTonT B HAXOK I~
HUU HETIPEPBIBHON B 3aMbIKaHNN [/ 1 rapMountdeckon B {/ pyukmun [ makon,
arto f coBmagaer ¢ h ma OU.

Sagatua 15.11. 3agaua Jupnxie nMeeT He Golee OTHOTO PEITIEHU.

OrmeTnM, uTo 3agata [Jupuxiae pazpermmMa, 11 IMIPOKOro Kaacca o6aa-
cTell (He 06A3ATENRHO OJHOCBAZHEIX).

16. TapmMoundeckue GyHKIUN HA TLIOCKOCTH M
aHaTUuTHIecKe PYHKIUH

BemecTBenHAd W MHUMAA YACTH AHATUTUYECKOW (DYHKIUN ABIAIOTCT
CApMOHIYECKIMA QYHKOUAMA. (DTO HECIOKHO IPOBEPUTH, UCIOIL3YL KAK
KJAacCCHYecKoe, TAK U HMHTeTrpDAJbHOE ONpegeleHHe TAPMOHUYECKNX (QYyHK-
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nuit.) IToT GAKT O6BACHIET PDOIb AHAINTHIECKUX (DYHKINI B MATEeMATHIe-
ckonl pU3NKe  BO MHOTHX (PUMIAMTECKUX 3a0adaX TAPMOHUTECKUE (DYHKITNN
3aBUCAT JUITb OT ABYX MEPEMEHHBIX, U TEOPUA TAKUX MPYHKIINU CBOTUTCA
x TPKII.

3agata 16.1. BemecTBennaa m MEUMAA YACTH AHAIATHIECKON (DYHKITNN
B ob1acTu [/ aprmorca O2-riafkuMy (GyHKIIIME I yIOBICTBOPAIT YDAB-
menmio Jlamraca Af = ().

Yrkazanue. Bocmoab3oBaThed TIafKOCTBI0 AHATUTUYIECKUX (PYHKINHA U
ypaBaenuamu Komm Pumana.

3agada 16.2. BemecTBennas 1 MHUMAA 9aCTH AHATUTUYECKON B 0014~
ctu [ GYHKINT YIOBIETBOPAIOT TOXIECTBY

Mid(R,a)f = f(a).

Yrkazanue. BocoabzoBaThea unTerpatbuon dpopmyaon Korrm.

3agatua 16.3. Ecin v rapMonmyeckas B OTHOCBA3HON o6aactu {J QyHK-
OUf, TO CYLIECTBYeT Takad GYHKIUT v (OIpeJeleHHAT ¢ TOTHOCTBIO JO IPO-
M3BOJIBHON MOCTOLHHON ), 9T0 GYHKUNA [ = 1 + v ABIAeTCL AHAIITAICCKON
B obaactu .

Yrkazanue. N3 ypasuenun Ko Pumana MOXHO BBIYUCINTE TaCTHBIE

v v
TPOM3BO JHEIE ™ u u GYHKINU 7, UCTOIB3YA TACTHBIE TPOM3BOIHLIE
Yy

i
v
dy
op (')q o
ctu [/, ecin m TOTBKO ecan EW = e TIpoBepuTh, ¥TO B HAIIEW CUTYAI[UN
y i
VCIOBUE PA3PEITIMOCTU dKBUBAIEHTHO TOXAeCTBY An = ().

v o
dyukmnuu u. Cucrema — — p, = ¢ pa3pemmuMa B OJHOCBA3ZHOU 00.71a-

or

3agatua 16.4. Ilycts ¢ rapmountveckas Gpyuknma B obaactu V C C, u
nyers f: U —V  amamntudeckan Gymknua. Torga ¢yaxuua g(f) aBra-
eTcAa TAapMOHNYIecKon B o6aactu J.

Yrazanue. Cm. 3agaum 16.1 16.3

3agatua 16.5. HOKa'aaTL 9TO A4 BCAKOTO TPUTOHOMETPUIECKOTO MHO-
roarena h(a) =cq+ Z (agsinka + by, cos ko) sagaaa Jupnxie pazpermmMa.

E=0

Viazanue. Berm |z| =1, o = arg z, To Re 2¥ = cos ko, Tm 2% = sin ko.

3agata 16.6. Mcnoabizya MIOTHOCTH TPUTOHOMETPUHMECKUX MHOTOMWIE-
HOB B MHOXKECTBE HEMPEPLIBHLIX (DYHKINN HA OKPYKHOCTH, TOKA3ATH Pa3-
permmMocTs 3agadn Jupuxiae qas Kpyra.

Ykazanue. Bocmonb3oBaTheA TeM, ITO Tpefea PABHOMEDHO CXO IAIMIIXCA
CApMOHIIECKUX (QYHKINN ABAfETCH PADMOHATECKON (QyHKUnen (cM. 3aga-
4y 15.10) 1 IpUHINIOM MAKCHMYMA.

3uaa anmpuopu, 9To 3agada [Jupuxie ad Kpyra pazpermma, HeCI0KHO
HATINCATEL €€ PeIlleHne B ABHOM Bue. [lycTh MBI WIIEM 3HAMEHNE B TOU-
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ke a, |a| < 1, permenns 3agaun Jupuxae Au =0, ulj,|=y = h B xpyre |z| < 1.
z—a

Iepesegem Touky a B Touky () mpeoGpaszoBaHEeM @,(z) = — T Dyuk-
az —

s v(z) = u(p, ' (z)) rapmormaHa B KpyTe |z| < 1, m ee 3HAYeHUe B HYyTe

COBIIa JaeT ¢ NCKOMBIM YHUCIOM ?l,((],). Nmeem

Wy =00 =gz [ ez Elast= o [ )] el

J)z]=1

3agaqa 16.7 (popmyna Hyaccona). 1) fIsro seraucanTs aapo Hyaccona

FGIL!

3ABUCAIIEE OT TOUKH £ HA eIUHNIHON OKPYXHOCTH |£| = 1 M Touxkn a BEyTpH
eJUHUTHOT O KPYTa.

2) MIposepuTs, 9To 21po IyaccoHa ABIAETCH BElleCTBEHHO-AHAIUTHTE-
cxoll pyukuen (T.e. pag Telmopa »>Toll GYHKIUN ABIAETCH CXOLALIIMCH )
oT xoopaurat (a), y(a) B ToUKe a.

3) 13 BeleCTBEHHOU AHAJIUTHYHOCTH A4Dpa IlyaccoHa Kak (GYHKIUT OT a
BBITEKAET BEIECTBEHHAA AHATUTUIHOCTDL TAPMOHUYIECKON (PYHKIUUM OBYX
[epEeMeHHBIX (He 00A3aTeIhHO B KpPyre, a B M60H 0OJACTH IIOCKOCTH).
TTouemy?

OrmeTuM, 9To 3agava [Jupuxie B MHOTOMEPHOM TIape TAK JKe ABHO pe-
TMAETCA TPU TOMOIIN ABHO BBIMUCHLIBAEMOTO AApa Jupuxie, ABITIOMIETOCT
BEIIeCTBEHHO- AHAINTHYeCKON (pyuKkImen. )Tcio1a BHITEKAET, 9TO TAPMOHT-
Jeckre (PYHKINYM MHOTHUX TIEPEMEHHBIX ABIAIOTCA BEIIECTBEHHO- AHATUTIYE-
CKUMU (DYHKITHAMI.

Bagaua 16.8. g Beaxon ogrocBazuon obmactn [/ C C?, gna xoTopon
BBLITIOJHEHEB! YCIOBUA HEMPEPBIBHON PO JOMKAEMOCTH O TPAHUIB 0TOGDA-
xeHusa Pumana (eu. 1. 12), sagaua Jupuxie pazpemmuma. Boaee Toro, ecin
ABHO HATNCAHO oToGpaxenne Pumana ob6mactn [/ B eIUHUYHBIN KPYT, TO
I Beakon 3agaau Jupuxiae B o6aacTn {/ MOKHO HATIICATE ABHOE PEITICHIIE.

TTouemy? 9
3agaua 16.9. Ha kommaexcuon mrockocTu onepaTop Jlamiaca A = 57 +

r
X A=422 +i 0 2
—— mupegcTaBuM B Buge A —4—— rre z = x + iy, & ONEPATOPHl —, —
o2 peq u 52 5% u Y, p p 92" 97

ompeaeneHs! B U. 4.

17. Cy6rapmonundeckue (PyHKIIMU U TeOpPeMa € THHCTBEHHOCTH

3agaqa 17.1 (bopmyna I/UIQHCQHH,). Ilycres pyuxuma [ romomopdua B 3a-
MBIKAHUE KPyTa paguyca R ¢ meaTpom B Touke (. [JokazaTs caeIyIOIIyIO
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dopmyay:

1

R
e ILLUL LR D DY s

2l= F(z0)=0, |zl <R

rae Hyan GYHKOUN f BXOOAT B MOCIEIHION CYMMY € YIeTOM KPATHOCTH.

Yrazanue. IIpoBecTn I0KA3ATEALCTBO B TPU DTAMA:

1) mokasaTh, 9T0 ecIn GOPMyIa Vencena Bepra g1 GyHKIAI f 1 g, TO
OHA BepHA U I TPOm3BeqeHud fg;

2) goxazaTb GopMyIy Mencena ana QyHKOMI, He MMEIOMUX HyTel B
pPaccMaTPUBAEMOM KPYT€;

3) Ao KaXJOH TOYKH ¢ Kpyra MOCTPOUTH ABHO Takyl (yHKOouo f
(romoMOpGHYIO B 3aMBIKAHIN JAHHOTO KPyTa), 9To [ obpaliaeTcd B HYIb
TOIBKO B TOYKE d, & MOOYIE [ TOXKIeCTBEHHO paBeH | Ha MPAHUYTHON OKPY K-
"ocTu. [IposepuTh GopMyry Aad Takux (HYHKIIIH.

O6bequuaa Bce TPU MYHKTA, JOKA3ATH YTBEPXK JeHNTE 3a TatH.

Ham momago6uTcad HEMHOTO PACHINPUTEL OMpegeTeHne CyOrapMOHTYTe-
CKOU (PYHKIINU Ha TLIOCKOCTH, PA3permB (QYHKINM TPUHUMATEL 3HAYTE-
Hre —oo. Huke mon caoBaMu «cyOGrapMoHnYdeckad (DYHKINA» MBI UMEEM B
BUIY CAeOVIOIIee Ty Th Gomee obIIee TOHITHE.

Onpegenenne. [Iyctes U 061aCTh B KOMILIEKCHOU TLIOCKOCTH, U
ACU  mucKpeTHOE MOAMHOXKECTBO. PACCMOTPUM BeIECTBEHHOZHATHYIO
dyrxumio f ma U \ A, xoTopas B Toukax MEHOKecTBa A «paBHA —o0». Takas
(YHKINA camTaeTCd HelpephIBHON, ecin (yuxnua ef : [/ — R, goompege-
JeHHAd B TOUYkax MHoKecTBa A wncmom (), mempeproiHa. DyHKINA TAKOTO
BHA HAZBRIBAETCH cybeapmonuveckotl, ecinm 1ad Beakoro kpyra |z — a| < R,
LMeINKOM JeXaIero B o6aacTu U, BBITOTHEHO HEPABEHCTBO

1

2R |, f(z)ds > f(a).

z—a|l=R

Ecmu oxpyxHOCTE |2 — a| = R comepknuT TOUYKN MHOXKeCTBa A, TO Tpenmo-
MATAETCA, ITO MHTETPAT, CTOAIINN B IeBOU YACTH HEPABEHCTRA, CYIIECTRYET
KaK HECOOCTBEHHBIN WHTETPA.

Sagaua 17.2. O606muTs Gopmyry Mencena ua CAyYan, KOTAa OKPYK-
HocTh 2| = R cogepxur mymm ¢Gyaxoun f(z). JokasaTs, 9To (yHK-
nua In|f(z)| cybrapmonnuna B obaactu U/, B koTopon ¢yuknua [ aHa-
JUTUTHA.

Sagatua 17.3. O606mmTs Gopmyay Mencena ua CAYIAN MePOMOP(PHBIX
QYHKIINT.

3agaqa 17.4 (IpUHONOD MAKCHMYMa Qi CyOPADMOHHYeCKIX (DYHKIWN).
PaccvoTpum gyukimio f, cybrapMoHntIeckyio B cBazuon obractu (7. pen-
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TOIOKTM, ITO CYIIeCTBYeT Takad Touka a € (7, 9To g4 ar060t Toukn z € (7
BHINIOIHEHO HepaBeHeTBO f(a) > f(z). JokaszaTs, uto f  KoHCcTaHTA.

Sagaun 17.5 17.7 npeacTtaBiaioT co6OU BAPDUAHTHI TPUHINIA MAKCH-
MyMa.

3agaua 17.5. PaccMoTpuM OTDAHUYEHHYIO CBEPXY CyOTapMOHUYECKYO
dysxmmio u B obractu (7. O6ozmauanm wepes I' rpamuny obractn (7. Jas
Kax JOM TOYKW @ TPAHUILI TOIOKIM

u(a) = lim  u(z).
z—a, 2€G

JlokazaTs, 9To a9 MPOU3BOIRHON TOYKHW T ob6macTu (i BRITIOIHEHO Hepa-

BercTBo u(x) < sup u(a).
acl
3agada 17.6. B ycroBuax Opefblyliell 3aJa<di IPEANOIOKUM, €ETO

ob61acTs (7 orpanuvena u ee guameTp paseH /). Ha rparumne T' ob6xactn (7
OTMEeTHUM TIPOM3BOMBHEIE TOYKH a1, . . ., ax. Uyers T =T\ {ay,... ax}. do-
Ka3aTh, 9TO 414 MOG0N Touxku r obracTn (i BBIMOTHEHO HEPABEHCTRO

u(r) < sup ufa).
acl
Yrazanue. Bocmoap30BATHCA IPUHIUIOM MAKCAMYMA, JIA (DyHKINN

uafu—kaz n—D .

B xadecTBe € 3gech HYXKHO PACCMATPUBATE MPOU3BOJLHOE TOJIOKUTEILHOE
qHCTO.

3agaua 17.7. TlepeHecTn yTBepXK JeHNUe MPeILIAVINEN 34 a9N HA HEOTPA-
HUYEeHHYIO 0061acTh (7, JOTIOMHeHTe KOTOPOU 00 cdepbl PuMana nMeeT x0T
OBI OIHY BHYTPEHHIOK TOYKY.

aga4ua 17.8. Ecaiu or6pocuTs TpeGoBaHUA OTPAHUYEHHOCTH CBEPXY Cy6-
rapMoHUYecKon GYHKIINN, TO YTBEePXK feHne 3agadn 17.6 cTaneT HeBEPHBIM.
TIpuBecTn TpuMep HEHYJIEBOU TAPMOHUYECKOU B BEPXHEW MOJYILIOCKOCTH
GYHKIINYT, KOTOPAA HEMPEPBIBHO NPOTOIKAETCI HA BEIIECTBEHHYI OCh U
TOX JECTBEHHO PABHA HY.IIO HA STOU OCH.

3agada 17.9. PaccMoTpuM 3aMKHYTEIA KPYT B HA KOMILIEKCHOT TIPAMOM.

1) OTMeTHM Ha DPAHEYHON OKDPYKHOCTH DasIndHble Todku Ay m As.
IIpeabaBUTE TAKYH OTPAHNYEHHYID TAPMOHNYECKYI0 BO BHYTPEHHOCTH
kpyra B (QyHKINIO, ITO OHA HEMPEPLIBHA BILIOTH A0 TPAHUTHON OKPYIK-
HOCTHU 3a UCKIoveHneM Todek A u B, pasua 1 ma ayre AR u pasma () ma
JOTOMHUTEeAbHON Ayre. JokazaTh, 9T0 QYHKINA, VIOBIETBOPAIOMIAL YCIO-
BUAM 3aJa9N, eJUHCTBEeHHA. HAapUCOBATH KAPTUHY €€ JUHUH YPOBHA.

1 .
Yrazanue. Dyuxmus 3 AI§ Z TADMOHII'HA Il OTDAHIIEHA B BEPXHEM I10-
T

JAYTIIIOCKOCTH. Ha BeH_[e(’,TBeHHOfI HpHMOﬁ OHAa PaBHa HYTHO O14 ITOJTOXKUTEIb-
HBIX Z U €eIUHUIe A1 OTPUIATEIBHBIX Z.

43



2) TIpegmomoKUM Temephb, YTO TpAHNYHAS OKDYXKHOCTB DaszduTa Ha
n ayr Iy, ..., l,. ChopMyIupoBaTh 1 pemnTs 33 a1y, AHATODUYIHYTO . 1).

3agaua 17.10. Ilycte B 3aMKHYTBH KPYT HA KOMILTEKCHOU TPAMOM.
OTMeTVM Ha TPAHUTHOW OKPYKHOCTH AYTY MEXKIY DPATUIHBIMU TOYKA-
v Ay m As. a9 KaxJoTo JeNCTBUTEIBLHOTNO YUCIa A PACCMOTPUM TAKYIO
OTPAHNYEHHYIO TAPMOHNYECKYIO BO BHYTPEHHOCTH Kpyra B QyHKINO f4,
q9T0 f4 TOXKAeCTBeHHO paBHA A Ha gyre A;As m TOXKAeCTBEHHO paBHA He-
KoTopoll KoHcTaHTe (' ((PUKCHPOBAHHON A1 BeexX (DYHKIUN) HA JOIOIHE-
TeabHON gyre. [JokazaTh, 9To Aad J0000U BHYTPEHHEN TOYKH KPpyra 3 Bhi-
TTOTHEHO PABEHCTBO

lim fa(x)=—oc.
A= —o0

Omnpegenenne. Touky a, TpuHALTEKAIIYIO TpaHuie o6racTn (7, Ha30BeM
npocmoli 2panuunoli TOIKOU >TON 06.IACTH, €CIN KAXKAd JOCTATOIHO Ma-
1ad OKPYXKHOCTE ¢ MEHTPOM B TOYKE @ COLEPEKUT AYTY, MEAAKOM JEKAILYIO
B JOomOJHEeHNN K (7.

3agaqa 17.11 (rpannusas Teopema eguHcTBeHHOcTH). Iycrs f: G —
— C OTpAHWYEHHAA AHaIUTHYIecKad (QYHKIUA B obmactn (7, mu
IycTh @  TPOCTasd TPAHUYHAA TOYKA dTON obaacTu. Eciu gig mekoTo-
poro € > () BEIMOJHEHO DABEHCTRBO liH}) f(2) =0 pna Beakonn Touku b € IG

Z—r

Takol, aTo |a — b| <&, o f(z) = 0.

Yrazanue. Ha noctaTouno MamoM xkpyre B ¢ IeHTPOM B TOYKE ¢ Pac-
CMOTPETh TapMOHUYTECKYIO (DYHKIINIO %4, paBHYIO —A Ha HexkOTOpOU Oy-
re T'y okpyxuocTn JB, nexamen Bre obmactu (7, m pasHymwo In|c| A H0-
MOMHUTETLHON AyTe OKpyX)RHocTH JB. 3geck A Goabloe oTpUIATETEHOE

qucao u ¢ = sup | f(z)]. JokasaTs, aro npu z € B N (G cupaBef1uBo Hepa-
2€G
BeHCTBO 1 4(2) > In|f(z)]. Bocnoaszosasmucs 3agasten 17.9, mokazaTh, 94T0

f)=0.
3agata 17.12. O606mMUTE FPAHTTHYIO TEOPEMY eIUHCTBEHHOCTH HA, JTI0-
Oy (He 00f3aTeIbHO IPOCTYIO) PPDAHNYHYH TOUKY @, IPENOIATAL, ITO
o6aacTsb (7 0 THOCBA3HA.
Yrazanue. BocmonbioBaThed (I0KATBHO) oTo6paxkenueM /z — a. IIpo-
BEPUTH, ITO 06pa3 TOUYKN a OyAeT TPOCTON MPAHNYTHON TOYKON 14 06pa3a
obnactu (5.

JOITOJTHEHUE 2

18. dopmy.aa Crokca gad obracTer ¢ IiaJfKOU IPAHULICH

TTocne Toro xak kaaccwdeckas mwin o6obmennas popmyna Crokca go-
KazaHa QA KyOOB, ee JerKO JOKA3aTh Aad obmacredl B R™ (u gra opu-
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eHTHPOBAHHBIX TIAJKUX MHOTOOODA3NI) ¢ NIagkoll rpamumei. Jag sToro
JOCTATOYHO BOCTOABL3OBATHCA Pa3zbUeHNeM eqUHUILI. HAamoOMHUM, KaK 3TO
JeTaeTc.

Onpepenenne. I[Iycte X C R”  womnaxr, n U/,  m0060e HOKpBITHE
ATOTO KOMIAKTA OTKPBITEIMA MHOKECTBAMU. Pazbuenuem edunuybl, co-
TITACOBAHHBIM ¢ TMOKPBITHEM [/, HA3BIBAETCH KOHEYHOE MHOXKECTBO TIa -

KUX QYHKIUA @;, 2 = 1,..., N, onpeJeqeHHLIX B HEKOTOPOU OKPECTHOCTHI
KOMTAKTa X, TAKUX, ITO

1) orpammteHne QYHKOUN @1 + ...+ @y Ha X TOXKIECTBEHHO DABHO
e IUHUIIE;

2) gna xKax ol GYHKIUE ¢; CYLIECTBYET OTKDEITOE MHOKeCTBO [/, m3
TOKPBITHA TAKoe, ITO (PYHKINA ©; TOXKIECTBEHHO PaBHA HYIIO HA JOMOM-
HEHUN K MHOXecTBY [y,

dagaaa 18.1. [lna Bcaxoro xommakTa X C R” m BCAKOTO ero MOKPHI-
Tusa U, cyliecTByeT COTMIACOBAHHOE ¢ DTHM TOKPBITHEM pazOneHue eImHN-
IBL 01, ...,@N, B KOTOPOM ¢; 6GeCKOHEYTHO Taagkme (PyHKIINH.

Yrazanue. 1) CymmecTByeT HeoTpHLATEIBHAR 6GECKOHEYHO DMAJKAfL
dyukmus B R”, paBHad egumHmIle B Kpyre pagmyca Ry m paBHAT HY.IO
BHe KpyTa pagnyca Ry ¢ Tem xe neaTpom, rae K > Rg;

2) ncnoas3yd GYHKOUO 13 1) 0 KOMOAKTHOCTD X , HOCTPOUTH KOHETHLII
"HaGop QYHKIUHT (1, ..., JN, KAXKIAd U3 KOTOPHEIX PABHA HYIIO BHE HEKOTO-
poro MHOKecTBa U/, ,, HO cyMMa F'=¢q 4. . .4+ ¢y cTporo 6oIblle HYI4 HA X;

3) dyukuum ¢; = ¢;/ F garoT nckoMoe pazbueHne eJUHUIEL

Hoxaabnoti kapmoti okomo Touku a € R™ HazbiBaeTcs OKpecTHOCTE [/,
TOYKN @ BMecTe ¢ guddeomopduzmom x: U, — V ma obracts V B R”
rakuM, 910 x(a) = 0. KoMmnonenTsl 21, . . ., 2, BeKTOD-QyHKINA 2 HA3BIBA-
0TCA AOKAAbHBLMU KOOpIuHaman B Kaprte U,.

Omnpegenenue. I'panuna I/ obaactu 7 B R” mazwiBaeTca 24adkoii B
OKPECTHOCTH TOYKHU @ € AU/, eciu CyIIecTBYeT AOKATbLHASL KADTA B OKPECT-
HOCTHU 3TOW TOYKU TAKAA, ITO B JOKATLHBIX KOOPAUHATAX 1, . . ., Ty 3AMBI-
KxaHIe 06JACTH 3a0aeTcsI HePABEeHCTBOM I, > (.

3aga4da 18.2. [IycTe 3aMmbikanne obaacti [ B R™ 3agano HepaBeHCTBOM
f>0, rpge f riaagkas Gyuaxund, gunddepennuar df xoTopon He ofpa-
aeTcsad B HYJAb HU B ogHou Touke moBepxuoctu f = (. JokazaTh, 9TO
o6aacTs U/ nMeeT raagkyo TPAHUIY.

IMycres I/ orpammdennas o6aacTs B R” ¢ raagkon rpannmen. Ouxcn-
pyeM JoKaTbHBIE KOOPAMHATHL [/, OKOMO KAKJIOW TOUYKN ¢ 3aMBIKAHUI 0618~
cru UJ. [Ing rpasnvabix Todek a € O/ MBI mpeAmosaraeM, 9TO JTOKATbLHAL
CHCTeMa KOOPAWHAT OKOMIO TOYKH ¢ ¥IOBAETBOPAET YCIOBUAM TIPEILI IVIIE-
ro ompegenernd. PaccmoTpum ctamgapTabie Ky6el A° u A® B mpocTpan-
cTBe R”, ompengeneHHBIe HepaBeHCTBAMH —€ L 21 < &,...,— ¢ < 2, e

~
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—e<m<Le, ., —e<xpr L8,0L x, € 26 Hodrodawum xkybom AS, mna
TOYKHN ¢ B JOKATBHOU kapTe [/, ¢ xoopaumatamu x: U/, — R” 6ymzem ma-
3bIBATL MHOKeCTBA ® ' (AZ), et @ BHyTpemHAa Towka obmactu [/, o
x ! (Ai), ecan ¢ TpaHmuHad Touka obaactu U,. Ilpu sTom mpeamoaara-
ercd, aTo obpasz x(U,) kapTel U, OeInKOM COZEPKAT COOTBETCTBYIOINN
ky6 A5 mmm AS.

agada 18.3. Ilycte U  orpanmuennaa o6aacts B R™, a €U  Tou-
xa B »Tom ob6mactu um Af,  mogxogdmmu ky6 OKomIo ToUkW ¢. IlycTh
w (n — 1)-dpopma B R”, paBHas Hymo BHe Kyba A u yIoBIETBO-
paomad yeroBuaMm oboomenron dopmyasl Crokca (T.e. xondduineHTh
dopMul w umeror guddepennmans, a dopma dw mempepnsra). Torga

./U o = ./8U w=0.

3agaua 18.4. [lycte [/ orpammvennas obracts B R”, a € U/  Touka
IpaHuUkl »>Tol obract n A5, mogXOAAUINI ky6 OKOIO Todku d. IlycTs
w (n—1)-¢dopma B R”, paBras Hy10 BHe Kyba A’ U yIOBIETBODAIOMIAL

yeroBuaM oGoobmenuon gpopmyasl Crokca. Torga /8U w= [ dw.

aga4ua 18.5. Ilycte w  dopma, yI0BICTBOPAIONIAA YCAOBUAM 060 OIIIeH-
vou opmyabr CToKca B 3aMBIKAHNN OTPAHWYEHHON 061acTn [/ ¢ maagkon
rpamutenn 9/, U TycTb ©1,...,N  HEKOTOpPOe pa3zbueHne eIWHUILI HA
6OMBIIOM Tape [, cogepXxalieM 3aMbiKauue ob6aacT [/ B CBoeW BHYTDEH-
HOCTH, TaKoe, ITO IId KaxkJou (GOPMBI w; — ;W CIpaBegInBa (PpopMy.aa

Croxkca '/f)U w; = '/U dw;. Torga '/m]w = '/U dw.

3agatua 18.6. JoxazaTs o6o6mmennyo Gopmyay CTokca Aad TPOU3IBOIH-
HOW KOMMIAKTHOU 00JACTH ¢ TJIaJKOW MPAHNIEH.

Yrkazanue. [octaTouro mogo6paTh pazbueHne eIWHUILI HA GOTBITOM
mape B, A9 KOTOPOTO BBIMOTHAIOTCT yceaoBusa zagadnm 18.5. [ag »Toro
JOCTATOYHO B3ATH pa’zbUeHNe eJUHUIILI, COTIACOBAHHOE C TIOKPBITHEM ITTa-
pa B cregymommMn o TKPEITHIME MHOKecTBaME Vy,. [l1a Beaxon Touxn p € B
ompegenuM V, CIeIYIOMINIM 06pA3OM:

1) ecan p He MeXUT B 3aMBIKAHUN 00JIACTH [/, TO B KAYeCTBe Vj, MOKHO
B3ATH MI000€ OTKPHITOE MHOXKECTBO, JI4 KoToporo p € V,,, V, N U=w;

2) ecam p TPUHAITEKUT 3AMBIKAHTIO ob61acTH [/, cHaTama (GukCHpyeMm
JOKATBHYI0 KADTY T1, . . ., ¥pp OKOJIO TOYKH P U HOAXOAANNI Ky6 A 11 TOT-
K1 p u 3Tol kKapThL. [locae aToro B KadecTse V), JOCTATOMHO B3ATEH MT060E
OTKPBITOE MHOKECTRO, 118 KoToporo: 1) p € V,,2) V, C B,3) V, NU C Ag.

TIposepuTh, ¥TO BHIMOJHUMOCTEL YCIOBUU 3agadu 18.5 maa pazbumenus
eINHNILL, COMIACOBAHHOTO € HOKPLITHEM V), BEITeKaeT 13 3aga4 18.3 mw 18.4.
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O HESABUCMMOM MOCKOBCKOM
YHUBEPCUTETE

HMY HerocyJapcTBeHHOe BEHICHIee yieOHOe 3aBeJeHNe I19 MOATOTOBKI
npodecCuOHATLHBIX MATEMATHKOB.

3agamua 8 HMY mposogarca B BedepHee Bpemda (o6braHo ¢ 17.30). Do
CBA3AHO C T€M, ITO MHOTHE HAIIN CTYIeHTHl COBMeIIanT obydenne 8 HMY
€ 3AHATUAMU B IDYTOM By3de (Kak OIDABUIO  HO He HCKIIOYHTeIbHO!  Ha
mexmaTe MTY). Hamm sanaTtua no Gusnke 1 MaTeMATHKe MOKET IIOCELIATE
0601 Kenaomul (He 06M3aTeIbHO CTYIeHT nin acoupast HMY).

O6yuenne 8 HMY 6ecrutataoe. CTyIeHTAM BBIMLIAYUBAECTCA CTUTCH JUA.

Harmmr agpec:

119002, Mocksa, B. Bracwesckun mep., 1. 11.
Tenedon:

(095) 241-4086.

Daxkc:

(095) 291-6501.

E-mail:

iumOmccme.ru

Tlogpo6rOCTH cM. Ha canTe http://ium.mccme.ru/



